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Abstract

Heavy-tailed bandit algorithms attain opti-
mal regret when given a finite moment order
and its bound. Without either parameter, op-
timal adaptation is impossible unless one re-
stricts the reward distributions. What can be
achieved under the moment condition alone
has remained open. We give a sharp answer
in the form of a Pareto frontier.

Our algorithm takes only an exploration ex-
ponent p € (0,1). Tt combines deterministic
forced exploration with a median-of-means
empirical leader and uses neither the moment
order, its bound, nor a tail-sign condition. If
the unknown rewards have (1+ €)th absolute
moments bounded by wu, its worst-case regret
is, up to explicit arm factors and an arbitrar-
ily slow factor,

Wt/ (e pl—pe/(14)

while its regret on every fixed instance is
O(T*). A matching lower bound shows that
improving either polynomial exponent wors-
ens the other. Most notably, every fixed
p < 2/3 attains this frontier simultaneously
for all € € (0,1]. Thus at any point on
this common segment, unknown tail order
has no further polynomial price beyond un-
known scale. This answers the assumption-
free rate question posed at COLT 2025 on
the maximal common segment and gives the
first matching algorithm for the unknown-
scale lower tradeoff.

1 Introduction

Heavy-tailed multi-armed bandits model sequential de-
cisions when rewards may have infinite variance. In
the standard formulation, every arm satisfies

EX|"*<u, e€(0,1], u>0. (1)

When € and wu are known, robust UCB and
MOSS variants achieve the optimal worst-case rate
/T4 - with the usual K1+ factor
(Bubeck et al.,, 2013). Wei and Srivastava (2021)
sharpen the corresponding minimax construction.
Both parameters determine how much of an extreme
observation should be trusted.

In practice neither parameter is generally available.
Recent work shows a sharp qualitative obstruction. No
algorithm can recover the known-parameter rate uni-
formly over wu, or uniformly over e, without further
distributional assumptions (Genalti et al., 2024). Al-
gorithms that do recover it assume, for example, a
favorable sign for every truncated tail of an optimal
arm, as in Huang et al. (2022), Genalti et al. (2024),
and Chen et al. (2025). Another route assumes sym-
metry (Tamés et al., 2024). Such conditions exclude
simple one-sided heavy tails.

This leaves a basic question posed explicitly by Genalti
and Metelli (2025a): what are the best regret rates
when both parameters are unknown and no assump-
tion beyond (1) is imposed? The question has two
parts. One needs a lower bound that quantifies the
cost and an algorithm that attains it. A recent techni-
cal note gives an unknown-u tradeoff between worst-
case and fixed-instance rates (Genalti and Metelli,
2025b), but no matching algorithm was known.

We close this gap. The answer is not one rate. It is
a Pareto frontier indexed by the desired fixed-instance
exponent p. Write p = 1 + €. Ignoring slowly varying
factors, the frontier is

fixed instance: T,
worst case: u'/PTt—PP=1)/p

(2)

The two exponents satisfy the exact lower relation

D p—1 D
= (1-p—) =
p+p—1( P p) p—1 ®)

Algorithmic idea. The algorithm is deliberately
simple. It reserves K'17Pt? cyclic pulls for exploration



Table 1: Parameter adaptation under a finite pth ab-
solute moment. “Tail sign” denotes truncated non-
negativity for losses or its reward analogue. PF means
parameter-free in both p and w.

Method PF Extra assumption Guarantee

Robust UCB  no none known-param. optimal
AdaTINF yes  tail sign worst-case optimal
AdaR-UCB yes  tail sign both near-optimal
uniINF yes  tail sign best of both worlds
RMM-UCB yes  symmetry both near-optimal
ForcEMOM yes  none sharp tradeoff

by time ¢. On all other rounds it chooses the largest
median-of-means estimate computed only from these
dedicated samples. The number of median blocks
grows arbitrarily slowly. This construction avoids the
central difficulty faced by adaptive UCB methods. It
never needs to turn an unknown moment condition
into a numerical confidence radius.

Two properties produce the frontier. On each exploita-
tion round, the expected gap of the empirical leader is
at most its mean-estimation error, which is

—1
ul/p (KpL(t>>(p )/p

tP

for an arbitrarily slow L. Summing gives the worst-
case exponent in (2). On a fixed instance, the me-
dian block count tends to infinity. The probability
of choosing any suboptimal leader is then summable,
even though neither p nor u is known. Only forced
pulls remain, giving T” regret.

Contributions.

e We give the first assumption-free algorithm with
a uniform moment-free finite-time regret bound
when both heavy-tail parameters are unknown.

e« We prove worst-case and fixed-instance bounds
for the same algorithm.  Together with the
information-theoretic lower bound, they deter-
mine the polynomial unknown-scale adaptation
frontier.

o One implementation with any p < 2/3 is frontier-
optimal for every p € (1, 2] simultaneously. This
is the largest segment shared by all moment orders
and requires no knowledge of p.

2 Setting and Adaptation Criteria

There are K > 2 arms. Pulls from arm ¢ are i.i.d. with
law v; and mean p;. At round ¢, a policy chooses I;

from past actions and observations, then observes an
independent draw from vy,. Let
fo = MAX f17, Aj = pw — 4.

The expected cumulative regret is

T
RT(V) = ]El, Z A[t.
t=1

For p € (1,2] and u > 0, let
Hpuw ={v:E,|X|P < ufor all i}.

The policy is not given p, u, or an upper bound on
either. Jensen’s inequality gives |u;| < u'/? and A; <
2ul/P,

Following Hadiji and Stoltz (2023) and Genalti
and Metelli (2025b), a moment-free distribution-free
bound ®,, satisfies

sup Rr(v) < ul/Po,(T) for every u,T. (4)
vEHp u

A distribution-dependent rate ¥ satisfies

RT(Z/)
(T)

lim sup < oo for every fixed v. (5)

T—o0
Constants in (5) may depend on the instance. This dis-
tinction is essential. Uniformly logarithmic instance-
dependent regret is impossible when the moment scale
is unrestricted. This appears both in eventual consis-
tency results (Ashutosh et al., 2021) and in the sharp
lower tradeoff (Genalti and Metelli, 2025b).

3 A Parameter-Free Empirical Leader

Fix p € (0,1). Let £ : N — [1,00) be nondecreasing,
(n) = o0, £(n+1)—£(n) <1, and log¢(n) = o(logn).
The concrete choice

£(n) = loglog(e® + n) (6)
is sufficient. Define
mo = [161og(2K + €)] .

The first K'mg rounds pull every arm mg times. These
and later forced pulls form a dedicated exploration
stream. Exploitation rewards are not used for esti-
mation.

After initialization, set the target total number of ex-
ploration pulls to

Dy = max {Kmg, [K'~""]}. (7)



At round ¢, force the next arm in cyclic order if fewer
than D; exploration pulls have occurred. Otherwise
exploit. The target rises by at most one per round. In-
deed, the derivative of K1~°¢tP is at most poncet > K.
Induction from the end of initialization shows that the
target is met exactly. Cyclic assignment makes arm ex-
ploration counts differ by at most one. Consequently,
each arm has at least

n = D /K] 2 (t/K)” (8)

dedicated samples before an exploitation decision.

For n > myg, let ¢(n) be the largest odd integer no
larger than

min{n, 2[log(2K) + ¢(n)] + 1}. (9)

Split the first ¢|n/q| samples into ¢ disjoint blocks,
average within each block, and take their median. De-
note the resulting arm estimate by M;(n). On an ex-
ploitation round, FORCEMOM chooses an arm with
largest M;(n;).

The algorithm is anytime. It needs no numerical tail
information. A direct implementation is polynomial.
Store arm-wise prefix sums and cache estimates be-
tween exploration updates. Recomputing the g(n)
block means and their median after a new dedicated
sample costs O(q(n)) with linear-time median selec-
tion. Through n dedicated samples per arm, this is
O(Kn{log K + ¢(n)}) work and O(Kn) storage. Each
leader scan costs O(K).

3.1 A parameter-free MoM bound

The same estimator works for every unknown p be-
cause its tuning is only a block count.

Lemma 1 (Median-of-means envelope). Let
X1,..., X, be ii.d. with mean p and E|X|P < u for
some p € (1,2]. Form a median of ¢ > 3 odd block
means, where ¢ < n, and write k = (¢ + 1)/2. Then,
for every x > 0,

Pr{|M, , — p| > z} < min {1, <64“(Q/”)pl>k} .

xP
(10)
Moreover,

E|My,q — pl < Cul/?(g/n)® D7 (11)

for a universal constant C. If K arm estimates use
block counts with k > log(2K) and common upper
bounds g and n~1, then

Emax [M; — | < CulP(q/n)®~ V7. (12)

Proof. Jensen and convexity give
E|X — pf < 2P"HE|X|P + |ulP} < 2Pu.

If a block has size m = |n/q], the von Bahr-Esseen
inequality (von Bahr and Esseen, 1965) yields

E|X — pP <20 um! P < 16u(q/n)P .

The last step uses m > n/(2q) and p < 2. By Markov’s
inequality, one block is bad at radius x with probability
at most 16u(q/n)P~1z~P. A bad median requires a set
of k bad blocks. Independence of the disjoint blocks
and a union bound over at most 27 sets give (10), since
g=2k—1and 27 < 4F,

Let xg = 64'/Pu!/P(q/n)P~1/P Integrating (10) gives

(o9}

E|Mpq — p| < xo +/ (zo/z)P* dx < 2z,

Zo
because g > 3 implies pk — 1 > 1. This proves (11).

For Z = max; |M; — u;|, the union bound replaces
the tail crossover o by at most K'/(P*)zq. Integrat-
ing again gives the same factor. It is at most e when
k > log(2K). This proves (12) without needing inde-
pendence across arms. O

4 Worst-Case Regret

The leader rule converts estimation error directly into
regret. If J; is the empirical leader and i, is optimal,
then pointwise

AJt = K« — HJ,
<M, = p] + [ My, — s,
< 2max |M; — . (13)

No confidence level is chosen by the algorithm.

Theorem 2 (Finite-time parameter-free regret).
There is a universal constant C such that FORCEMOM,
for every p € (0,1), p€ (1,2], u >0, and T > 1, sat-
isfies, with v, = (p — 1)/p,
sup Rp(v) < C’ul/p{Klog(eK)
vEHp,u
+ K'rre
+ Kp’ypTlfmpL;p }7 (14)

where Ly = 1 + log(2K) + ¢(T).
pendent of p and u.

The policy is inde-

Proof. There are at most Dr exploration rounds after
accounting for the initial constant target. Since every
gap is at most 2u'/?, their contribution is bounded by

RE < CulP{Klog(eK) + K'~PT"}. (15)



On an exploitation round, all arm sample counts differ
by at most one. Equations (9) and (8) therefore permit
the common bounds

g < CLy, n; > cK™ Pt

The initialization guarantees the block-count condition
n (12). Combining that equation with (13) gives

EA,, < Cut/PEP@-D/ppp=D/pi=o=1/p (1)

Put a = p(p—1)/p. Since a < 1/2, monotonicity of L,
and integral comparison imply

T
SoLpmrpme <o Virpia
t=1

Summing (16) and adding (15) proves (14). The same
enlarged constant covers horizons ending during ini-
tialization. O

For p < 2/3, the exploitation exponent dominates the
exploration exponent for every p € (1, 2] because

p<1—p(p-1)/p.

Thus, up to K and the arbitrarily slow Ly factor, the
distribution-free exponent is

-1
L (17)

ap(p) =1—=p »

5 Fixed Instances and the Sharp
Frontier

The slowly increasing block count, unnecessary for the
expectation bound, is what makes exploitation mis-
takes summable on every fixed instance.

Theorem 3 (Fixed-instance regret). For every fized
bandit instance with a finite pth absolute moment for
some p > 1, FORCEMOM satisfies

ZPr{t is exploit and I, ¢ argmax u;} < co. (18)

t=1
Consequently,

K

: Rr(v _
llzrrn—folip % <K™° Z A (19)
i=1

Proof. If a suboptimal arm i with gap A; is the em-
pirical leader, either its estimate overshoots by A;/2
or an optimal estimate undershoots by that amount.
Lemma 1 bounds each probability by

Cugy™!
= (20)

O (g,+1)/2
AP

Here n; 2 t”, the smaller block count ¢ q, — 0, and the
larger count satlsﬁes 7, < g, +2andlogq, = o(log ng).
For fixed p,u, A;, the logarlthm of the bracket in (20)
is eventually at most —(p — 1) logn./2. Since n; 2 t*,
it is then at most —(p — 1)plogt/4. Finally, ¢, —
00, so the complete right side is at most 2¢t=3 for all
sufficiently large t. Summing over time and over the
finitely many suboptimal arms proves (18).

It remains to count forced pulls. Cyclic assignment
gives each arm K~'Dr + O(1) such pulls. Since
Dy = K'=PT? 4 o(T"), their regret divided by T°
converges to K—”% . A;. The exploitation regret is
bounded because (18) holds and all gaps are fixed.
This proves (19). O

We now compare the two upper bounds with the
information-theoretic constraint. The following form
is due to Genalti and Metelli (2025b), adapting the
range argument of Hadiji and Stoltz (2023). We in-
clude a proof in the supplement because it is central
to the conclusion.

Theorem 4 (Unknown-scale lower tradeoff). Fiz p €
(1,2].  Suppose a policy, without knowing u, has a
moment-free distribution-free bound ®,(T) = o(T) as

in (4). Then on every fized instance v with at least
one suboptimal arm,

o Rr(v)

R T, e = PO

:A; >0

where ¢, > 0 depends only on p. Hence polynomial
exponents a and b in ®,(T) = T M) and U(T) =
7o) must satisfy

p
a> —. 22

Proof. Fix a suboptimal arm ¢ with gap A;. For g €
(0,1/2), replace its law by
vig=(1—=B)vi+ By o1,/ (23)

Its new mean is p. + A;. Let v be a finite common
pth-moment bound for the original instance and take
v = v+ (1=B)E,, | X|P+ B|u;+24;/8[P. This bounds
every arm of the alternative and satisfies

(wp) /7 = 28,8 D/P {14 o(1)} (810). (24)
Moreover, KL(v;,v; 5) <log(1/(1 — 3)) < 28log2.
Let P, P’ denote the two history laws and let N;(T)

count pulls of arm ¢. Data processing applied to the
action at an independent uniform round, followed by

kl(z,y) > (1 —x)log(1/(1 —y)) —log?2, gives
/P, (T) TA;
(1™ ) e CARE
< 2Blog2EpN;(T). (25)



Figure 1: Exponent geometry. The lower bound re-
quires a > 1 —b(p—1)/p. Thick segments are matched
by FORCEMOM until each line meets a = b. The ver-
tical line at b = 2/3 marks the endpoint of the largest
segment shared by every p € (1,2]. Its dots show the
three orders displayed.

Here the regret guarantee bounds Ep N;(T") on the orig-
inal instance and T'— Ep/ N;(T) on the alternative.

Putr =p/(p—1),a =8 ", and Br = a1 (®,(T)/T)".
By (24), the denominator inside the logarithm in (25)
is A;T{1 4+ o(1)}/4. Tts left side therefore tends to
log 2, while 7 — 0. It follows that

lim inf EpNi(T) !
T—oo (T/®,(T))" — 28"

Multiplying by A; and summing over suboptimal arms
proves (21). The exponent relation follows by taking
powers of T'. O

Substituting (17) into (22) forces b > p. Theorem 3
attains b = p. We have therefore proved the main
result.

Corollary 5 (Simultaneous sharp frontier). Fiz any
p € (0,2/3]. One policy, independent of p and u, at-
tains for every p € (1,2] the polynomial exponents

(ap,b) = <1 —pp;l,p> :

These exponents satisfy the lower tradeoff with equality
for every p. The slowly varying gap in (14) can be
made arbitrarily small by the choice of £.

The same result also closes the entire relevant
unknown-scale tradeoff when the order may be used
only to choose the design point.

Corollary 6 (Order-aware unknown-scale frontier).

Fizrpe (1,2] and p <p/(2p—1). Then FORCEMOM
with design exponent p uses no scale information and

attains )
p—

avb = 1- N ’

(ap,b) < = p)

which meets (22) with equality. The balanced choice
py =p/(2p — 1) gives, up to L,

Ry < Cul/pK(p—l)/(2p—1)Tp/(2p—1)Lg?—l)/p (26)

Table 2: Polynomial exponent pairs (a,b) for worst-
case and fixed-instance regret. Logarithmic fixed-
instance regret is recorded as b = 0. The last column
uses one policy with p = 2/3 for every unknown p.

p known p,u  unknown u, p-aware  both unknown

2 (1/2,0) (2/3,2/3) (2/3,2/3)
3/2 (2/3,0) (3/4,3/4) (7/9,2/3)
4/3 (3/4,0) (4/5,4/5) (5/6,2/3)
pll (1,0) (1,1) (1,2/3)

apart from the additive initialization term, and has the
same fized-instance polynomial exponent.

Proof. The restriction on p is exactly p < 1 — p(p —
1)/p, so the exploitation term in Theorem 2 dominates.
Substitution in Theorem 4 proves sharpness. At p =
p/(2p — 1), the exploration and exploitation powers of
both K and T agree, giving (26). O

If p were known but u were not, balancing the two
exponents would use p = p/(2p — 1) and produce
TP/(2r=1) " No single fixed p of this form works for
all p. Corollary 5 instead identifies the entire common
frontier. Tts largest point is p = 2/3, where

20 —1)

ay(2/3)=1-— 3

For finite variance this gives the sharp balanced T2/3
rate. For heavier tails the worst-case rate approaches
linear smoothly.

Table 2 separates two claims that can otherwise be
confused. Knowing p permits selecting a different bal-
anced point for each order. Without p, the choice
p = 2/3 instead fixes the same instance exponent for
all orders and is sharp at that point for every p. The
latter does not claim to reproduce the p-aware bal-
anced point when p < 2.

There is no contradiction with the separate lower
bound for adaptation to p at fixed u (Genalti et al.,
2024). That benchmark is the faster known-scale rate
T'/?_ Here the unknown scale has already enlarged the
frontier. The same algorithm shows that learning p re-
quires no additional polynomial loss along its common
portion.

6 Related Work and Discussion

Known parameters. Bubeck et al. (2013) intro-
duced robust UCB based on truncation, median-of-
means, and Catoni estimators. Later algorithms sharp-
ened the worst-case logarithmic factors (Wei and Sri-
vastava, 2021). An optimal index policy was developed
by Agrawal et al. (2021), and a randomized policy by



Park et al. (2026). These methods tune their estima-
tors or indices using the moment parameters. In par-
ticular, H-BE requires both p and u despite its closed-
form action probabilities (Park et al., 2026). Recent
adversarial best-of-both-worlds methods can remove
the tail-sign condition, but their clipping and learning
rates explicitly use the moment order and scale (Zhao
et al., 2025).

Parameter-free methods with assumptions.
AdaTINF and AdaR-UCB adapt to both parameters
under truncated tail-sign conditions in Huang et al.
(2022) and Genalti et al. (2024). uniINF obtains a
best-of-both-worlds guarantee under the same condi-
tion (Chen et al., 2025). RMM-UCB instead assumes
symmetry (Tamads et al., 2024). These results seek the
known-parameter optimum. Our goal is different. We
impose no shape or sign condition and characterize the
unavoidable loss.

Unrestricted adaptation. R-UCB-MoM is
parameter-oblivious and eventually consistent over
a broad class, but its guarantee starts after an
instance-dependent threshold and does not provide
a finite-time moment-free worst-case rate (Ashutosh
et al., 2021). The forced-exploration architecture
itself has been studied for sub-Gaussian rewards (Han
et al., 2024). Replacing the empirical mean is not
enough for our result. The diverging MoM block
count and dedicated exploration stream are what
yield both a uniform finite-time bound and summable
fixed-instance errors under every unknown p > 1.

Scope. The frontier is polynomial. Arbitrarily slow
factors remain between the upper bound and (21). Re-
moving them while retaining one algorithm for all p is
open. It is also open whether one parameter-free policy
can adapt among the order-specific frontier points be-
yond the common range p < 2/3. Our result concerns
stochastic finite-armed bandits. Adversarial, contex-
tual, and linear variants require different tools.

7 Conclusion

Unknown heavy-tail parameters do not make regret
minimization hopeless, but they change its objective.
There is an exact tradeoff between protection against
an unrestricted moment scale and fast learning on
fixed instances. A forced-exploration median leader
attains that tradeoff without estimating either tail pa-
rameter. The same policy is exponent-optimal for ev-
ery finite moment order, resolving the assumption-free
adaptation question on the common Pareto frontier.
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This supplement gives complete proofs of all results in
the main paper. It also reproves the unknown-scale
lower tradeoff with a corrected constant.

A  Algorithm and Exploration Counts

Fix K > 2 and p € (0,1). Let

mo = [161og(2K + e)], to = Kmy.

The algorithm first pulls each arm myq times in cyclic
order. These pulls are marked as exploration. For
t > tg, define

D; = max{ty, [K't"]}.

If the exploration count before round ¢ is smaller than
Dy, the algorithm explores the next arm in cyclic order.
Otherwise it exploits.

Let F} be the total number of exploration pulls through
round ¢, and let NZ(¢) be the number assigned to arm
i. The initialization has F;, = Dy, = %o.

Lemma 7 (Exact tracking). For every t > tg, F; =
D;. Moreover,

ﬁj <SNP() < ﬁﬂ (27)
for every arm i.
Proof. Let g(t) = K'=°t’. For t > K,
gt)=pK" PPt <p<l
Hence g(t)—g(t—1) < L and [g(t)]—[g(t—1)] € {0,1}.
Taking the maximum with the constant ty preserves

this property. Since g(tg) = Kmf < Kmg = to, we
have Dy, = to.

Inductively, suppose F;_1 = D;_1. If Dy = D;_q, the
condition for forced exploration is false and F; = D;.
If D, = D;_1 + 1, the condition is true, so exactly
one exploration pull occurs and again F; = D;. This
proves exact tracking. Cyclic assignment makes the
arm counts differ by at most one, which gives (27). O

Before any exploitation decision at t > tg, every arm
therefore has at least

ng = D1 /K] > |[K~°(t—1)"]. (28)

Since to/K = mgy > 31, the quantity inside the last
floor is at least mf > 1. Since |z| > x/2 for every
x > 1, we have uniformly for ¢ > ¢( that

1
ne > SK~0(t—1)". (29)

The exploration regret admits both uniform and
instance-specific bounds. Jensen’s inequality implies
A; < 20?50

RE < 2uY?Dyp < 2uYP{Kmo + K'=PT? +1}. (30)
On a fixed instance, cyclic assignment and Lemma 7

give

Ry -
: I S P )
lim . = K ; 1 A, (31)

B Median-of-Means Bounds

We prove the estimator lemma uniformly for all p €
(1,2]. Let Xy,...,X, be iid., let ¢ = EX, and
assume E|X[P < w. Let ¢ < n be odd and put
k= (¢+1)/2 and m = |[n/q]. Form ¢ block av-
erages X1,...,X, from gm samples and let M, , be
their median.

Lemma 8 (One block). For every block j,

E|X; - ul? < 16u(q/n)"". (32)

Proof. By Jensen, |u|P < u. Convexity gives
E[X — pP < 27 HEIX[P + |ufP} < 2Pu.

The von Bahr-Esseen inequality (von Bahr and Esseen,
1965) yields

E|X; — plP <m™P2mE[X — pf?

< 2PFlyml=r,

Since n/q > 1, m = [n/q] > n/(2q). Also 2P+12r—1 =
22P < 16. Substitution proves (32). O



Lemma 9 (MoM tail and mean). For every x > 0,

Pr{|M,., — p| > 2} < min {1, (W)k} .

xP
(33)
If ¢ > 3, then

E| M, — p| < 128u'/?(q/n)P~D/P. (34)

Proof. By Lemma 8 and Markov’s inequality, the prob-
ability that one block differs from p by more than x is
at most

0, = min{1, 16u(q/n)? "tz F}.

If the median differs by more than x, at least k blocks
do. Their independence and a union bound over sub-
sets of size k give

Pr{|M,,, — pu| >z} < 296%.

Since ¢ = 2k — 1, 29 < 4, This proves (33).

Set
To = 641/pu1/p(q/n)(p—1)/p.

Integrating (33) gives

(o)
E|M, ; — ul < zo +/ (xo/x)pk dxz

zo

1
$0< +pk1)

For ¢ > 3, k > 2 and pk—1 > 1. Hence the last display
is at most 2z < 128u'/P(q/n)P=1/P, O

Lemma 10 (Maximum over arms). Suppose K arm
estimators satisfy (33) with arm-specific q;,n;,k;,
where ¢; < q, n; > n, and k; > log(2K). Then

Errg%dMl — il < 128eut/P(q/n)P=H/P, (35)
No independence across arms is required.

Proof. Let kg = min; k; and A = 64u(q/n)P~L.
union bound and (33) imply

The

Pr{max |M; — ;| > 2} < min{1, K(A/zP)k0}

whenever 2P > A. Let zo = AY/PKY/®ko)  Tail inte-
gration as in the previous proof gives an expectation
at most 2zg. Since kg > log(2K),

KYPko) < exp{log K/log(2K)} < e.

Also 24P < 128u!/P(q/n)®P~1)/P, 0

For the algorithm, let £ : N — [1, 00) be nondecreasing
with £(n) — oo, £(n + 1) —4(n) < 1, and logf(n) =
o(logn). Define

qg(n) =max{r:r <n, r <2[log(2K) + £(n)] + 1,
r is odd}.

The assumed schedule is nondecreasing and satisfies
l(n+1)—¥¢(n) < 1. Hence g(n+ 1) — ¢g(n) < 2. This
is the only regularity property of the block schedule
needed below. For n > my, both arguments of the min-
imum exceed 21log(2K)+1. Thus g(n) > 2log(2K)—1,
and k(n) = (¢(n) +1)/2 > log(2K). Also

q(n) <3+ 2log(2K) + 24(n). (36)

C Proof of the Finite-Time Upper
Bound

Let J; be the arm chosen on an exploitation round and
fix an optimal arm 4.. Since M, > M;_,

Ay, = pw — i,
< |Ml* - M*| + |MJt - MJt|

The exploration counts of any two arms differ by at
most one. Applying Lemma 10, (29), and (36), we
obtain for all exploitation rounds outside a finite initial
interval

1+ log(2K) + (1) \ * V7"
K—=rtr
— Cul/:DKP(P*1)/PL§p_1)/Pt*P(P*1)/P7 (38)

EAj, < Cu'/P (

where L; = 1+ log(2K) + £(t).

Put a = p(p—1)/p. Sincep < 2and p <1, a < 1/2.
Monotonicity of L; and integral comparison give

T
ZLgp—l)/Ptfa S 2L§_'P_1)/PT170,. (39)

t=1

Combining (30), (38), and (39), and enlarging the uni-
versal constant to cover T < tg, proves

Ryr < Cu?{Klog(eK) + K'~*T"
_ — — —1
+ KP=1)/ppl=pp 1)/pL5§7 )/p}_

This is Theorem 2 of the main paper.
If p <2/3, then for every p € (1, 2],
l=plp=1)/p—p=1-pQ2p-1)/p=1-3p/2=0.

Thus the exploitation term has the larger or equal ex-
ponent.



D Proof of the Fixed-Instance Bound

Fix an instance in H,, and a suboptimal arm 7 with
A; > 0. If 7 is selected on an exploitation round, then

M; > M;,.

This implies either M; —u; > A;/2 or p,—
Let q, and g, be the smaller and larger block counts
among the two estimates. The arm exploration counts
differ by at most one, so g, < ¢, +2. By Lemma 9, for
a constant C and all suﬁimently large t,

(a,+1)/2
Cugy ' |
Pr{Jy =i} <2 l . (40)
APpp~ !

Here n; is the smaller sample count.

We verify summability. Since log ¢(n) = o(logn),
log g, = o(log ny).

Hence, for every fixed p,u,A;, the logarithm of the
quantity inside the brackets in (40) is eventually at
most

p—1

10g Nng.

By (29), it is then at most —(p — 1)plogt/4 after
increasing the instance-dependent threshold. Since
q, — 00, eventually

-1 +1
(p—1)p(g, +1) > 3,
8
Therefore Pr{J; = i} < 2¢t73 eventually. Summing

over time and over the finitely many suboptimal arms
proves

o0
Z Pr{t is exploit and J; is suboptimal} < co.
t=1

The expected total regret due to exploitation is finite.

Equation (31) now proves

hmsup% <K~ "ZA

T—o0

E The Unknown-Scale Lower Tradeoff

For completeness, we prove the exponent lower bound
used in the main paper. The argument follows Genalti
and Metelli (2025b), which adapts Hadiji and Stoltz
(2023).
This is all that is needed for the polynomial frontier.

Theorem 11 (Lower tradeoff). Fiz p € (1,2]. Sup-

pose a policy does mot know w and, for a function

O(T) = o(T), satisfies
Rr(n) < o/70(T) (41)

M;. > A;)2.

Our statement uses a p-dependent constant.

for every v > 0, every n € Hp, and every T'. Then
every fized instance v with at least one suboptimal arm
satisfies

.. Ry(v)
i R = o 3 S

where one may take

1

28p/(p—1)" (43)

Cp:

Proof. Fix a suboptimal arm a of v, with law v,, mean
la, and gap A, > 0. Let v be any finite common
upper bound on the arms’ pth absolute moments. For
B € (0,1/2), define an alternative law

I/‘/lvﬁ = (1 - ﬁ)l/a + 55Ha+2Aa/ﬁ' (44)

Its mean is g, + 2A, = s + Ag, so arm a is uniquely
better than every original optimal arm by at least A,.
Let v’ﬁ be a common pth-moment bound for the alter-
native bandit. We may take

o = v+ (L= B)Ey, |XI + Blua + 284 /8. (45)

The redundant v term safely covers all unchanged
arms.

Write No(T') for the number of pulls of arm a, and let
P and P’ be the history laws under the original and
alternative instances. Mixture domination gives

1
KL(va, v, 5) < log - < 2Blog2.

B

The standard bandit change-of-measure identity and
data processing give

Kkl (EPNCL(T) EP’Na(T>

> < 2Blog2EpN,(T).

T ’ T
(46)
For z,y € [0, 1], binary relative entropy obeys
1
kl(z,y) > (1 — z)log T2~ log 2. (47)
The moment-free guarantee implies
Vre(T
EpN,(T) < L 2T) (48)
A,
v )YPH(T
T EpN(m) < 20 )

A,

Substituting (48) and (49) into (46) through (47)

yields

v/P®(T) TA,
(1 T TA, )log ((vg)l/@(T)) ~log2

< 28log2EpN,(T). (50)




Put r =p/(p — 1) and choose

a=87"  fBr=at (q’(TT)) (51)

Since ®(T') = o(T), Br — 0. Equation (45) gives
(V) /PO(T) = 28,0PV/PT{1 + 0(1)}.  (52)

The right side equals A,T{140(1)}/4. The first factor
on the left of (50) tends to one. The logarithm tends
to log4, so the entire left side tends to log2. Using
(51) on the right gives

EpN,(T) a

lim inf log 2

T (T/8(1))" = 2log2  ®
1

P

Multiplying by A, and summing this inequality over
all suboptimal arms proves (42). O

If ®(T) = T*°() and a fixed-instance rate is 701,
Theorem 11 implies

p
b> ——(1-
> Lo(1-a),

or equivalently

a>L.
p—1 “p-1

b+

For the algorithmic exponent a = 1 — p(p — 1)/p, the
right side is exactly p. This completes the proof of the
simultaneous sharp frontier.



