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Abstract

The standard horizon-free subgradient sched-
ules, n; = t~1/2 for convex objectives and
ne =< t~! under strong convexity, have last-
iterate guarantees worse than the optimal
rates by a logarithmic factor. Known match-
ing examples use dimension growing with the
horizon. We prove that this loss disappears
in every fixed dimension for deterministic pro-
jected subgradient descent. The key is a path-
wise conversion theorem for arbitrary posi-
tive and adaptive steps. On any suffix, the
terminal objective can exceed the best suffix
value by at most twice the suffix trajectory
rank times the Lipschitz constant times the
largest realized step length. The proof com-
bines last exits from consecutive objective lev-
els with a rank bound for obtuse vectors in a
common open halfspace. Combining this con-
version with suffix regret yields O(dDL/+/n)
for n; = D/(L\/t) on a domain of diame-
ter D, and O(dL?/(un)) for both standard
strongly convex schedules. Thus their hori-
zon dependence is minimax optimal for ev-
ery fixed dimension. The result complements
recent dimension-free anytime impossibility
and sharp horizon-tuned constant-step the-
ory. It also gives data-dependent bounds in
terms of trajectory rank and realized, rather
than worst-case, step lengths.

1 Introduction

Projected subgradient descent is among the simplest
methods for nonsmooth convex optimization. Its av-
erages attain the optimal n~'/2 rate for Lipschitz con-
vex objectives and the optimal n~! rate under strong
convexity. The last iterate is more delicate. For the

standard horizon-free schedules
n < t=Y2 and ny =<t

the classical guarantees lose a factor logn (Shamir and
Zhang, 2013; Harvey et al., 2019). High-dimensional

deterministic constructions show that these losses are
real (Harvey et al., 2019). Horizon-dependent sched-
ules can remove them (Jain et al., 2021; Zamani and
Glineur, 2025), but they must know when the algo-
rithm will stop.

Dimension changes this picture. Koren and Segal
(2020) asked whether standard last iterates recover the
optimal horizon rate when dimension is fixed. Liu and
Lu (2021) proved lower bounds proportional to logd,
but left dimension-dependent upper bounds open.
Very recent work resolves the deterministic question
for a horizon-tuned constant step. For n = ©(n~1/2),
the sharp terminal excursion is ©(min{d,logn})nL?
(Beretta et al., 2026b). That theorem does not cover a
single decreasing schedule that is run without a stop-
ping horizon.

This distinction matters. Kornowski and Shamir
(2026) prove that no horizon-free step sequence has
a dimension-free optimal last-iterate guarantee. Their
obstruction is high-dimensional. It remains compat-
ible with an optimal rate whose constant depends
on fixed dimension. The decreasing-step analogue of
the fixed-dimensional question has therefore remained
open.

We answer it positively for deterministic projected sub-
gradient descent. Our main result is not tied to a
power law. It converts a good point on any suffix into
a terminal guarantee for arbitrary positive steps, in-
cluding steps selected adaptively from the past. The
dimension is replaced by the rank of the observed suf-
fix trajectory, and the scale is the largest realized step
length rather than the worst-case bound L max; n;.

Contributions. Let z,, be the last iterate and con-
sider a suffix z,...,x,. If r; , is the dimension of the
span of its terminal displacements, then

flzn) — Jnin. fze) <2rgnL max nellgell- (1)

This pathwise inequality has three consequences.
e For every nonincreasing step sequence on a

bounded domain, it gives a last-iterate bound
from one suffix regret calculation.



e For n; = aD/(LVt), it gives (™! + a +
4ad)DL/+/n. In particular, the rate is Og(n='/?)
for every fixed d.

e For a p-strongly convex objective, both 7, =
1/(ut) and n, = 2/{p(t + 1)} give O(dL?/(un)).
This removes the horizon logarithm left by exist-
ing last-iterate analyses of these standard sched-
ules.

The result is deterministic. It does not extend mechan-
ically to stochastic gradients because a realized noisy
direction need not be a subgradient of the population
objective. This boundary is substantive. Recent one-
dimensional examples retain a logarithmic loss under
general bounded-variance stochastic oracles (Beretta
et al., 2026a).

2 Setting

Let X C R? be nonempty, closed, and convex. Let f be
convex on a neighborhood of X', attain its constrained
minimum f*, and satisfy

llgll < L for every x € X and g € Of(z). (2)

Starting from z; € X, projected subgradient descent
selects arbitrary ¢g; € 9 f(z;) and positive steps 7, then
updates

w1 = (2t — Mege). (3)
The steps may depend on the preceding trajectory. Ev-
ery result below is pathwise, so no measurability con-
dition is needed.

For 1 < s < n, define

pan = max mi/g.]) (4)
Tem := dimspan{z, —z;: s <t <n}. (5)

Always 15, < min{d,n — s}. It may be much smaller
than d if the iterates remain in a data-dependent low-
dimensional affine space.

The projection inequality gives, for every z € X,

o1 — 2l < llwe =211 + 07 9e|* — 20 { f (22) — f(2)}-

(6)
Our proof extracts geometric information from this fa-
miliar estimate rather than summing it only against a
minimizer.

3 A Rank-Adaptive Conversion

Theorem 1 (Suffix-to-last conversion). Ewery trajec-
tory generated by (3) satisfies, for every 1 < s < n,

flzn) — min f(xy) < 2rs nLpsp. (7)

s<t<n

Consequently,

f(zn) — min f(z;) < 2dL* max ;. (8)

s<t<n s<t<n

The theorem is meaningful even when the domain is
unbounded and the steps are nonmonotone. Its scale
Ps,n is invariant under reciprocal rescaling of the step
and selected subgradient.

Proof. The claim is immediate if p;, = 0. Assume
it is positive. Translate by an arbitrary point, scale
points by ps ,, and scale objective values by Lps ,,. We
may therefore work with iterates y;, objective F, and
numbers

_ nL by — el gt |
= ; g =
Ps,n Ps,n

Qg < 1.

Writing hy = g¢/L € OF (y;), inequality (6) becomes
lyers = 2I1* < llye — 2117 + 07 — 20 {F () — F(2)}. (9)

Also |F(yt+1) — F(y:)] < 1 because the projected up-
date has length at most b; and F' is one-Lipschitz.

Put m = ming<i<,, F'(y:), H = F(y,), and ¢ = H —m.
There is nothing to prove if ¢ = 0. Otherwise set
J=[¢g]—1. For0<j<JletI;={te{s,...,n}:
F(y:) <m+j} and define

T = maij,

Pj = Yr;»s Vj = Yn — Dj-

The one-step objective bound implies

o< < < Ty <n. (10)

Use (9) with comparator p; and sum from 7; to n — 1.
Every later function gap is positive, while the first is

zero, hence
n—1

o 1> < > b7 (11)
t=7;
Now take ¢ < j —2. By (10), every t > 7; occurs after
the last visit below m +¢+ 1. Thus F(y:) — F(p;) > 1.
Moreover,
b2 2
ag L,Os,n ps,n

Summing (9) with comparator p; from 7; to n —1 and
using (12) gives

n—1

lyn = pill® < llp; = pill> = D 07 < llps — il = llv; 1>
t=T;

Since p; — p; = v; — v;, expansion yields

(vi,v;) <0 whenever |i — j| > 2. (13)



Choose h,, € OF (y,). Convexity at y, gives
(hn,v;) > H—F(p;) >q—j>0. (14)

Within each parity class, the v; are pairwise obtuse
and lie in the same open halfspace. Such vectors are
linearly independent. A proof is recalled in the sup-
plement. They all lie in the span defining rs,, so
each parity class has at most r,, members. There-
fore J +1 < 2r5,. Since ¢ < J + 1, undoing the
normalization proves (7). The bounds ry, < d and
ps.n < Lmax; 1 prove (8). O

The parity split is necessary because consecutive last-
exit vectors need not be obtuse. The rank dependence
is also unavoidable for a conversion that covers con-
stant steps. The multiscale support-function trajecto-
ries of Beretta et al. (2026b) start at a minimizer and
have terminal excursion linear in their dimension.

4 Convex Anytime Rates

We first combine Theorem 1 with a suffix regret esti-
mate that retains the actual gradient norms.

Proposition 2 (Nonincreasing steps). Suppose X has
diameter at most D and n; is nonincreasing. For every
1<s<n,

f(xn) - f* S 2Ts,ans,n

D? /iy + 30 millge?
2(n—s) ’

(15)

Proof. Divide (6), with a minimizer as comparator, by
21, and sum over the suffix. Because 7, is nonincreas-
ing and all squared distances are at most D2, sum-
mation by parts bounds the distance contribution by
D?/(2n,—1). At least one suffix iterate before n has
gap no larger than the resulting average. Apply Theo-
rem 1. U

Corollary 3 (The standard convex schedule). Letn >

4 and
aD

- > 0. 16

Then
. DL _  _
f@n) = f Sﬁ{a Y ratdarpg) )y (A7)

In particular, o = 1 gives (4d + 2)DL/\/n. If
d is known, taking o = (4d + 1)7'? gives

2V4d+1DL//n.

The proof is in the supplement. The classical
dimension-free analysis is O(DLlogn/y/n) (Shamir

and Zhang, 2013). Combining it with (17) at o = 1
gives

flxpn)—f=0 (% min{d + 1, log(n + 1)}) . (18)
The lower bound of Liu and Lu (2021) is Q(DLlog(d+
1)/+/n) for schedule (16). Thus a dimension gap re-
mains, but the dependence on n is now exact for every
fixed d. This is precisely what high-dimensional any-
time impossibility cannot rule out.

The same argument identifies the horizon exponent for
every polynomially decreasing schedule.
Corollary 4 (Polynomial schedules). Let ¢ € (0,1),
n >4, and
aD
ne = I7Th
With r = T\_n/2j,n;

nd—1

flzp) —f* < DL{ + (8r + 2)an_q} . (19)
Thus the best horizon exponent in this family is attained
uniquely at ¢ = 1/2. For fized r, slower decay is limited
by terminal excursion and faster decay is limited by
reaching a good suffix point.

The linear rank factor in (17) cannot be removed uni-
formly over the usual class 7; = ©(t~/2). The fol-
lowing result uses a staircase schedule fixed once and
for all, not a schedule chosen after seeing the stopping
horizon.

Theorem 5 (An anytime linear-dimension lower
bound). Define the nonincreasing horizon-free sched-
ule

n=2"7? when 2 <t <27t (20)
It satisfies t=1/2 < N < V2t=Y2. For every integer
k > 1, there is a dimension d = 2k + 1 such that,
at every sufficiently large dyadic horizon n = 271,
a convex one-Lipschitz objective on the Fuclidean unit
ball, an initialization at a minimizer, and an admissible
subgradient selection satisfy

k
2v/2n’

Consequently, the worst-case constant of this standard
anytime schedule is Q(d) in fized dimension.

f(xn)*f*z

(21)

The proof, given in the supplement, places the finite
multiscale trajectory of Beretta et al. (2026b) at the
end of a sufficiently long dyadic plateau and selects
the zero subgradient beforehand. The trajectory stays
inside the unit ball because its squared distance from
the starting minimizer grows by at most one per nor-
malized update. This lower bound concerns the stair-
case schedule (20). It does not strengthen the Q(log d)
lower bound known for the exact schedule t=1/2.



5 Strongly Convex Anytime Rates

Assume now that f is p-strongly convex on X:
I
fy) = f@) + gy —2) + Sy — =]

for x,y € X and g € 9f(z). The standard schedules
admit a constant-order suffix best iterate, after scaling
by 1/n. Theorem 1 then prevents the terminal point
from losing more than O(d/n).

Theorem 6 (Standard strongly convex schedules).

Let n > 6 and let v = r|/2),n- Fach of the follow-
ing holds for every initialization and every admissible
subgradient selection:

1. If ;y = 1/(ut), then

Flan) — o< OEILE o)
un
2. If gy = 2/{u(t + 1)}, then
flan) — fF < (STi;j)LQ. (23)

The constants are not optimized.

Proof sketch. For the first schedule, the distance recur-
sion gives

L2

_ *2<7
o =1 < .

t>2. (24)

Strong convexity and (6) imply

* 1, _ *
Pl — £ < Sl = )l — P
el n mL?
277t 2 ’
Since ;' — p = nt__ll, these terms telescope over

the final half of the run. This produces a suffix
point with gap O(L?/(un)). Theorem 1 adds at most

2rL?/(u[n/2]).

For the second schedule, ||z, — z*||? < 4L%/(p?t) and
Ny V< 77t__11~ The same suffix argument applies.
The supplement gives the index calculations and stated
constants. O

Existing dimension-free analyses give O(L? logn/(un))
for these horizon-free steps (Harvey et al., 2019; Liu
and Zhou, 2024). Hence Theorem 6 yields

2
flay)=f*=0 (in min{d + 1,log(n + 1)}> . (25)

The deterministic lower bound is Q(L?log(d+1)/(un))
(Liu and Lu, 2021), with an Q(L?/(un)) bound already
in one dimension. Thus the n~! rate is optimal in ev-
ery fixed dimension. This also answers, in the deter-
ministic fixed-dimensional setting, the question noted
by Liu and Zhou (2024) of whether the last iterate un-
der 2/{u(t+1)} can match the n=! rate of nonuniform
averaging.

6 Discussion

Table 1 summarizes the deterministic nonsmooth pic-
ture. The new entries concern one fixed schedule used
at every horizon. Rates suppress problem parameters
and universal constants.

Table 1: Last-iterate rates for projected deterministic
subgradient descent.

Setting Prior bound This paper
Convex, t~1/2 logn/v/n d/\/n
Strong, t logn/n d/n
Convex, t™ ¢ generic logarithm Eq. (19)

Arbitrary steps  constant-step result rank conversion

Relation to constant-step geometry. Theorem 1
uses the last-exit and obtuse-vector mechanism intro-
duced by Beretta et al. (2026b). Three changes are
essential for the anytime result. The normalization
uses the largest realized update, the comparator argu-
ment allows a different multiplier at every step, and
the dimension count is localized to the observed suf-
fix span. A late suffix is what joins this geometry to
decreasing-step regret.

Why boundedness appears only in the convex
corollary. The conversion theorem itself is indepen-
dent of domain diameter. Boundedness enters Propo-
sition 2 only to control the changing inverse step sizes
in suffix regret. Strong convexity supplies its own dis-
tance decay, so Theorem 6 needs no diameter assump-
tion.

Limits. Our result does not settle the sharp depen-
dence on dimension for the exact power-law schedules.
The known lower factor is log(d 4+ 1) and our upper
factor at fixed scale is d + 1. It also does not settle
stochastic fixed-dimensional behavior. The pathwise
ordering of objective levels fails when the update direc-
tion is only unbiased. Indeed, oracle structure deter-
mines even the one-dimensional answer (Beretta et al.,
20264).

Broader steps. Proposition 2 applies verbatim to
positive adaptive steps whenever their realized se-



quence is nonincreasing. Theorem 1 itself needs no
monotonicity. It can therefore be paired with sharper
problem-specific suffix guarantees, including bounds
that retain Y, n¢/|g¢||?. This separates the last-iterate
difficulty from the task of finding one good suffix point.

7 Conclusion

Standard decreasing steps do not incur a horizon loga-
rithm merely because the stopping time is unknown.
In deterministic fixed dimension, their last iterates
achieve the same n~'/2 and n~! horizon rates as aver-
aging. A rank-adaptive suffix conversion explains why:
only finitely many well-separated objective levels can
be exited for the last time along a finite-dimensional
trajectory. The remaining open question is quantita-
tive rather than asymptotic in the horizon, namely
whether the linear rank factor can be reduced toward
the logarithmic dimension lower bound for the exact
power-law schedules.
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A Linear Algebra Used in the Main
Proof

Lemma 7 (Obtuse vectors in an open halfspace). Let
v1,...,Up lie in a vector space of dimension r. If
there is a vector u such that (u,v;) > 0 for every i,
and (v;,v;) <0 for every i # j, then M <r.

Proof. Suppose ), a;v; = 0 is a nontrivial linear de-
pendence. Taking its inner product with v shows that
the nonzero coeflicients cannot all have the same sign.
Let P={i:0; >0} and N = {j : a; < 0}. Both are
nonempty and

w = Zaivi = Z(—aj)vj.
i€P JEN

Taking the inner product of these two representations
gives

[w]> =" ai(—a;){vi, v;) <0,
i€P jEN

a contradiction. The vectors are linearly independent,
so there are at most r of them. O

B Convex Suffix Bound

We prove Proposition 2 and Corollary 3 from the main
paper with all constants.

Let 2* be a constrained minimizer and put A; = ||z —
x*||2. The projection inequality gives

Ay — A

2{f(xe) = [T} < +ellgell®. (26)

For a nonincreasing positive sequence,

n—1 n—1
A — A A, 1 1 A,
AT A A At(>
i—e Tt Ms 231 e Mi-1 Tn—1
D2
< . (27)

- Mn—1



Summing (26), dividing by 2(n — s), and using the
smallest gap among xg, ..., x,_1 proves

n—1
D2 /-1 + 304, mellgell?
2(n — s) '

min {f(z;) —

s<t<n

1<
Theorem 1 of the main paper converts this point to
the terminal iterate and proves Proposition 2.

For Corollary 3, let s = |[n/2] and m = n — s. When
n >4, m>n/2and s > n/4. Under n; = aD/(L/1),

o Lpan < 20rs DL 4ars DL
; n > /5 = N
D? < DL
2m77n 1 ayn’
L? Zt s aDL _ aDL

< .
2m T 2v/s T n
Adding these inequalities gives the stated bound. The
choice o = (4d + 1)~'/2 minimizes a~! 4 (4d + 1)av.

C Strongly Convex Suffix Bounds
Strong convexity gives, for every selected subgradient,

(9.0 —a*) > f(w) = f* + 5As 2 pdi (28)

The second inequality also uses f(x;) — f* > pA/2.
The projection inequality first gives
Apyr < (1 — pme) Ay + 77t2L2' (29)

Using the second inequality in (28) gives the sharper
version

At+1 S (1 — 2[“7t)At -+ ’f]?LQ (30)
Retaining the objective gap only once gives
I S | A1 mL?
_fr< — — .
fla) — f* < 2(% 1) A T + 5 (31)

C.1 The schedule n, = 1/(ut)

Put C = L?/p?. Equation (30) gives 4, < C. If
A <C/(t—=1) for t > 2, then

Appr < (1—2) <

+C Ct*—t—-1)
t)t—1 2

C
< —.
2(t—1) ¢

Thus A; < C/(t — 1) for every t > 2.

Since ;' — p = n;_};, summing (31) from s to n — 1
gives
n—1 2 n—1
Z{f(xt -} < s Z Up
t=s (32)
sz L2(n - s)

2u 2us

Let s = [n/2] and m = n —s. Forn > 6, s > n/3,
m > n/2, and m/s < 2. Therefore the best suffix gap
is at most 3L%/(un). The conversion term is at most

2rs nL? < 675, L°

us un

2rs,nL2ns =
This proves the first claim of Theorem 6.

C.2 The schedule 1, = 2/{u(t +1)}

Equation (29) gives Ay < C. We claim A; < 4C/t.
Indeed, if the claim holds at ¢, then

N ~140 40 _ 4C
t+1_t+1t t+1)2 " t+1

The last inequality is equivalent to (t—1)/t+1/(t+1) <
1.

Here n;' —p = p(t —1)/2 < n,Y,. Summing (31)
and discarding the resulting nonpositive interior terms
gives

n—1 n—1
A, L2
E _ < -
t:e{f(xt) T 205 * 2 = i
I? L*(n-—
<= M (33)
poo op(s+1)

For s = [n/2], the best suffix gap is at most 4L2/(un).
The conversion term is bounded by

Arg L2 8rg L2

2rs nL?ng =
P T s w ) T

This proves the second claim of Theorem 6.

D Polynomial Schedules and Staircase
Lower Bound

D.1 Proof of the polynomial-schedule
corollary

Take s = [n/2| and m = n—s. Forn > 4, we have m >
n/2 and s > n/4. Under n, = aD/(Lt?), Proposition
2 in the main paper gives

2rs nLpsn < 2ars , DLs™1 < 8arg nDLn™ 1,

D? DL 1
- pi
2m77n 17«

L2 Zt s Mt OéDL

< < 2aDLn™9.
2m 281 T asn

Their sum is the polynomial-schedule display in the
main paper. For fixed rank and scale, its two powers
balance only when ¢ = 1/2.



D.2 Proof of Theorem 5

We use the following finite construction from Beretta
et al. (2026b, Theorem 13). For every integer k >
1, there are a finite set A, C R?**! containing zero,
vectors ay, . ..,ar,+1 € Ag \ {0}, and an integer Ty, <
10005+ with these properties:

1. every vector in Ay has norm at most one

2. if Sy = ), ., a;, then a; € argmingea, (S, a)

3. 7<STk+17aTk+1> = k/4
For the support function

F =

k (y) ;Ié%}z <a7 y>7

these properties imply that Fj is convex and one-
Lipschitz, Fy > 0, and the unit-step subgradient
method may follow

Y1 = 07
Yt+1 =Yt — ar = _St+17
k

Fk(ka-i-l) = 1

Fix any J with 27 > T}, and set n = 27+, The final
plateau of the staircase schedule in the main paper has
step n = 277/2. Run at the origin using the admissi-
ble subgradient zero until update n — T}. During the
final T} updates, select ay,...,ar,. Positive scaling
preserves the active pieces of a support function, so
the resulting points are

Tp—Typ+r = NYr+1, 0<r <Ty.

These updates are unaffected by projection onto the
unit ball. Indeed, the projection comparator inequality
for the normalized trajectory, with comparator zero,
gives

[yr1l? < [yl + 1 = 2Fk(yr) < llyel” + 1.
Thus [|y,41]| < /7, and
-1, 4l < v/ T < 277722772 = 1.

The origin is a minimizer on the ball. At the terminal
point,

k k
Fi(xn) = nFe(yr,+1) = 1072 ENoT

This proves Theorem 5. Since k = (d —1)/2, the fixed-
dimensional constant grows linearly in d.

E Scope and Literature Audit

The following points delimit the contribution.

o Shamir and Zhang (2013) establish the classical
O(logn/y/n) and O(logn/n) last-iterate upper
bounds.

o Harvey et al. (2019) give matching deterministic
high-dimensional constructions for the standard
decreasing schedules.

o Jain et al. (2021) and Zamani and Glineur (2025)
remove the logarithm using schedules that depend
on the stopping horizon.

o Koren and Segal (2020) isolate fixed dimension
and explicitly note the analogous question for de-
creasing steps.

e Liu and Lu (2021) prove Q(logd/y/n) and
Q(log d/n) deterministic lower bounds, and leave
dimension-dependent upper bounds open.

o Kornowski and Shamir (2026) rule out a
dimension-free optimal anytime guarantee for ev-
ery step sequence. Their construction allows di-
mension to grow with the horizon.

o Beretta et al. (2026b) prove the sharp
min{d,logn} terminal excursion for a horizon-
tuned constant step. The main paper adapts
their last-exit geometry to arbitrary realized step
lengths and local trajectory rank.

o Liu and Zhou (2024) provide a broad stochastic
and composite theory. Their March 2026 version
retains O(logn/n) for the standard nonsmooth
strongly convex anytime schedules and notes that
an O(1/n) last-iterate result for 2/{u(t + 1)} is
unknown.

o Beretta et al. (2026a) show that stochastic fixed-
dimensional behavior depends on oracle structure.
Their general bounded-variance lower bound can
retain a logarithm already in one dimension.

We found no prior pathwise suffix-to-last inequality
involving trajectory rank and realized step lengths, nor
a deterministic fixed-dimensional O(n='/2) or O(n™1!)
theorem for the standard decreasing last iterates. The
new results do not claim a sharp dependence on d and
do not apply to noisy stochastic directions.



