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Abstract

Repeated sampling can reveal capabilities
and risks that are invisible in one language-
model attempt, motivating forecasts of
pass@k from much smaller response banks.
We ask what such data support without a
parametric law for task difficulty. With b at-
tempts per task, the count distribution iden-
tifies exactly the first b moments of the latent
success-probability distribution. We prove
that the worst-case diameter of pass@k’s
identified set is exactly twice the best degree-
b uniform approximation error for xk. A the-
orem of Newman and Rivlin then yields ex-
plicit binomial-tail bounds and a sharp ex-
trapolation transition at k � b2. We ex-
tend the limit to finite task sets through a
Hellinger modulus and to adaptive policies
with a per-task cap. We also give two finite-
sample confidence intervals: a global polyno-
mial interval that attains the limiting worst-
case diameter and a data-adaptive projection
interval. At 128 tasks and 78 attempts per
task, any honest 95% interval for population
pass has expected-length lower bounds 0.276
and 0.686 for pass@1000 and pass@10000. In
synthetic audits, narrow taskwise Beta in-
tervals have zero coverage under seven non-
parametric alternatives. Across 22 public re-
sponse banks, model-free intervals include ev-
ery 10,000-response reference but are neces-
sarily wide at distant horizons. Pass@k ex-
trapolation can be useful, but its uncertainty
must disclose the structural assumptions that
make it possible.

1 Introduction

Repeated inference is now a practical scaling axis for
language models. Large response banks show substan-
tial gains from trying a task many times (Brown et al.,

2024). The aggregate pass@k curve is also used to
forecast capability and safety at budgets far beyond
those directly sampled. Recent methods fit heavy-
tailed task-difficulty laws (Schaeffer et al., 2025), use a
population Beta-binomial model and adaptive alloca-
tion (Kazdan et al., 2025), or place independent Beta
posteriors on tasks (Anonymous, 2026; Hariri et al.,
2026). These approaches answer an important condi-
tional question: what does pass@k look like if the cho-
sen structural model extrapolates correctly? Related
scaling theories derive power-law curves from Beta or
regularly varying latent difficulty models (Levi, 2025,
2026).

We study the complementary question: what is learned
before that assumption? For a task with one-attempt
success probability P , the target is

θk(F ) = EF [1− (1− P )k], (1)

where F is the population distribution of P . We ob-
serve b independent attempts per task. This is a
classical binomial-mixture model. It is also the inci-
dence model underlying species-accumulation curves
(Colwell et al., 2004). Our contribution is not a new
mixture representation. It is a sharp account of the
information boundary for the pass@k functional, to-
gether with finite-task inference and an audit of cur-
rent forecasting practice.

The boundary is governed by polynomial approxima-
tion. The complete count histogram identifies all
polynomials of degree at most b. Consequently, two
task populations are observationally equivalent exactly
when they agree on the first b moments. We show that
the largest possible pass@k gap between such popula-
tions is

Db,k = 2 inf
q∈Pb

‖xk − q(x)‖∞,[0,1].

This equality turns a 1976 approximation theorem
(Newman and Rivlin, 1976) into explicit limits for
pass@k. If H ∼ Binomial(2k, 1/2), then

Pr(|H − k| > b)

2e
≤ Db,k ≤ 2Pr(|H − k| > b).



Thus model-free extrapolation is accurate uniformly
over task populations when k � b2, and can be highly
ambiguous when k reaches or exceeds that scale.

Our main contributions are:

• We characterize the sharp identified set for each
observable count law by moment duality, and
prove the exact worst-case diameter above.

• We derive confidence-set lower bounds that persist
with infinitely many tasks, a finite-task Hellinger
modulus, and an indistinguishability extension to
adaptive sampling with a deterministic per-task
cap.

• We construct global and data-adaptive finite-
sample confidence intervals. The global interval is
honest for heterogeneous fixed tasks and is asymp-
totically sharp in worst-case width.

• We test the limits against current methods. A nu-
merically moment-matched pair has count prob-
abilities equal within 1.7 × 10−12 at b = 8, but
pass@1000 values 0.167 and 0.950. In 3,200 syn-
thetic datasets, taskwise Beta intervals are well
calibrated only under their model-correct case. A
59,400-forecast audit on 22 public response banks
finds increasing point error and intervals whose
narrowness does not reflect nonparametric ambi-
guity.

The result is not that all extrapolation should stop at
b. Structure can be scientifically justified and empir-
ically useful. Rather, forecasts beyond the identified
regime should separate sampling uncertainty from as-
sumptions about the unobserved lower tail of task suc-
cess probabilities.

2 Model and Identification

Observation model. For tasks i = 1, . . . ,M , let Pi

be iid from an unknown probability law F on [0, 1].
Conditional on Pi,

Si | Pi ∼ Binomial(b, Pi).

The population count probabilities are

πs(F ) =

(
b

s

)∫
ps(1− p)b−s dF (p), s = 0, . . . , b.

We first study population identification, which corre-
sponds to knowing π(F ) exactly. Section 3 returns
to finite M and also covers fixed heterogeneous task
probabilities.

Proposition 1 (Observable information). The count
law π(F ) identifies exactly

∫
q(p)dF (p) for every q ∈

Pb, equivalently the first b moments of F . Hence θk
is identified for k ≤ b, with the usual combinatorial
pass@k estimator, but not generally for k > b.

This follows because the b + 1 binomial probabilities
are expectations of the Bernstein basis, which spans Pb.
Finite-moment identification is well known in binomial
mixtures. Basu et al. (2026) recently used the same
boundary for exact inference on mixing-distribution
CDFs and quantiles.

2.1 Exact identified sets

Let µj =
∫
pjdF (p), including µ0 = 1, be the mo-

ments recovered from π(F ). Generalized moment du-
ality gives the exact endpoints

Lk(µ) = sup
q∈Pb
q≤hk

b∑
j=0

qjµj , Uk(µ) = inf
q∈Pb
q≥hk

b∑
j=0

qjµj , (2)

where hk(p) = 1 − (1 − p)k and q(p) =
∑

j qjp
j . The

primal problems optimize
∫
hkdF over all laws with

moments µ. Compact generalized moment problems
have no duality gap (de Klerk and Laurent, 2019; Ha-
laseh et al., 2026). A dual optimizer need not exist
for boundary moment vectors, so (2) is stated using a
supremum and an infimum. Convexity shows that the
identified set is the full interval [Lk(µ), Uk(µ)].

The width depends on the observed count law. The
following theorem identifies its largest possible value.
Theorem 1 (Sharp worst-case diameter). Let

Eb,k = inf
q∈Pb

‖xk − q(x)‖∞,[0,1].

Then

sup
µ
{Uk(µ)− Lk(µ)} = Db,k = 2Eb,k.

Moreover, there are two probability laws attaining this
gap while inducing the same complete count distribu-
tion.

Proof sketch. If F and G match through degree b,
every q ∈ Pb cancels. The target difference is there-
fore at most 2‖xk − q‖∞. For the reverse inequality,
quotient-space duality for C[0, 1]/Pb and the Riesz rep-
resentation theorem give a signed measure ν of total
variation one that annihilates Pb and integrates xk to
Eb,k. Since ν annihilates constants, its positive and
negative parts each have mass 1/2. Normalizing them
yields the required probability laws and gap 2Eb,k.
Full proofs are in the supplement.
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Figure 1: Two task populations induce the same count
law for b = 8 but diverge after the observed budget.
The shaded region is the sharp identified set for their
shared moments. Parametric fits select narrow trajec-
tories inside it.

Corollary 1 (Extrapolation horizon). For H ∼
Binomial(2k, 1/2), let Tb,k = Pr(|H − k| > b). Then

Tb,k

2e
≤ Db,k ≤ 2Tb,k.

In particular, the worst-case identification transition
is b �

√
k, or k � b2.

To obtain the corollary, map approximation of xk on
[0, 1] by degree b polynomials to approximation of x2k

on [−1, 1] by degree 2b polynomials. Newman and
Rivlin (1976) bound that error between Tb,k/(4e) and
Tb,k. The b2 approximation transition is theirs. Its
interpretation as the exact pass@k ambiguity is new
here.
Corollary 2 (What a probability floor buys). Restrict
both task populations to P ∈ [p0, 1], for a declared
p0 ∈ [0, 1]. The sharp worst-case diameter becomes

Db,k(p0) = (1− p0)
kDb,k.

Set x = 1 − p and rescale x = (1 − p0)y. Degree-b
moment matching and polynomial approximation are
preserved, while the target monomial is multiplied by
(1 − p0)

k. This quantifies the value and the risk of a
lower tail assumption. At b = 78, k = 10000, the un-
restricted diameter is 0.285. A known floor p0 = 10−4

reduces it to 0.105, while p0 = 10−3 reduces it below
1.3 × 10−5. Such a floor can make distant forecasts
precise, but it rules out impossible and extremely hard
tasks. With finitely many attempts, its validity comes
from domain knowledge, not from seeing no success on
a task.

A sharp ambiguity example. Figure 1 numeri-
cally constructs the dual extremizers at b = 8. Each is
supported on five probabilities. Their induced count

probabilities differ by at most 1.7 × 10−12, while
pass@1000 is 0.16689 under one and 0.95019 under
the other. The resulting diameter 0.78330 agrees with
2E8,1000 to 10−11. The same calculation gives approx-
imate diameters 0.509 at b = 16, k = 1000, 0.707 at
b = 32, k = 10000, and 0.389 at b = 64, k = 10000.

3 Honest Inference

Identification ambiguity does not vanish as the number
of tasks grows. It is also not the only obstacle at finite
M .
Theorem 2 (Confidence-set limits). Let C have cov-
erage at least 1−α under two task-population laws F,G.
If they induce identical count laws and have target gap
∆, then

Pr{diam(C) ≥ ∆} ≥ 1− 2α,

E[diam(C)] ≥ (1− 2α)∆.

More generally, write qF , qG for their one-task count
laws and ρ(qF , qG) =

∑
s

√
qF (s)qG(s). Then under

F ,

Pr
F
{diam(C) ≥ ∆} ≥ 1− 2α−

√
1− ρ(qF , qG)2M . (3)

The first result is a union bound under the shared data
law. For (3), change measure for one coverage event
and use TV(qMF , qMG ) ≤

√
1− ρ(qF , qG)2M . This moti-

vates the finite-task modulus

ωM,b,k(v) = sup{|θk(F )− θk(G)| :
ρ(qF , qG) ≥ (1− v2)1/(2M)}.

Every honest interval spans ωM,b,k(v) with probability
at least 1− 2α− v. A grid-restricted convex program
gives valid witnesses, not upper bounds, for this mod-
ulus.

Table 1 reports repaired feasible witnesses for the com-
mon public-data scale M = 128, b = 78. At pass@1000,
the infinite-task identification diameter is only 0.00049,
yet finite task sampling forces a much larger expected-
length bound 0.276. At pass@10000, both sources of
ambiguity are substantial.
Proposition 2 (Adaptive policies). Suppose a pos-
sibly randomized finite-budget adaptive policy samples
every task at most b times. If two mixing laws agree
through moment b, they induce the same distribution
over the policy’s full transcript. Theorem 2 therefore
applies unchanged.

Every binary history of length at most b has proba-
bility equal to an integral of a degree-b polynomial
in p. Induction over the adaptive transcript proves



Table 1: Model-free 95% interval limits at M =
128, b = 78. The lower bound is on expected length for
population θk(F ). “Global” is the worst-case width of
the construction in (4).

target k Db,k length lower global width
100 < 3.9×10−32 .022 .335

1,000 .00049 .276 .982
10,000 .28495 .686 1.000

the claim. The deterministic cap matters. This result
does not directly cover policies that can sample one
task without limit.

3.1 Two honest constructions

Global polynomial interval. Write a degree-b
polynomial in the Bernstein basis,

q(p) =

b∑
s=0

as

(
b

s

)
ps(1− p)b−s = Ep[aS ].

If ‖q − hk‖∞ ≤ ϵ and R = maxs as −mins as, Hoeffd-
ing’s inequality (Hoeffding, 1963) gives the interval

Clin = [ā− ϵ−RcM , ā+ ϵ+RcM ] ∩ [0, 1],

cM =

√
log(2/α)

2M
, (4)

where ā = M−1
∑

i aSi . This is valid conditionally
for any fixed heterogeneous probabilities p1, . . . , pM ,
with target M−1

∑
i hk(pi). For iid tasks, it also cov-

ers population θk(F ) by applying the same argument
to the mixture counts. We choose q by a linear pro-
gram minimizing ϵ+RcM . Continuous-domain bias is
certified between grid points using a derivative bound.
As M → ∞, its optimized worst-case width tends to
2Eb,k = Db,k.

Data-adaptive projection. The global interval
protects its width before observing the histogram. We
also project a simultaneous confidence band for the
count CDF. Let Ĝs = M−1

∑
i 1{Si ≤ s}. For iid

tasks, the DKW radius is
√
log(2/α)/(2M) (Massart,

1990). For fixed, independent heterogeneous tasks, a
union bound over s = 0, . . . , b− 1 gives

δfix =

√
log(2b/α)

2M
.

Partition [0, 1] at e0 < · · · < eJ , and let wj be the
mixing mass in bin j. The binomial CDF gs(p) de-
creases in p, while hk(p) increases. Every compatible
law therefore satisfies∑

j

wjgs(ej+1) ≤ Ĝs + δ,
∑
j

wjgs(ej) ≥ Ĝs − δ.

Minimizing
∑

j wjhk(ej) and maximizing∑
j wjhk(ej+1) over these constraints gives an

outer confidence interval. Endpoint monotonicity
makes it rigorous at every finite partition size. This is
a specialized finite-sample projection method. Generic
projection inference for partially identified moment
models is developed by Kaido et al. (2019).

4 Experiments

We ask three questions. Do the lower bounds become
material at current response-bank sizes? Do model-
based intervals retain coverage off model? Do public
forecasts expose the same horizon effect? Code, fixed
seeds, all atomic witness laws, and row-level results
accompany the supplement.

Numerical programs. Best approximation and
moment-pair linear programs use shifted Chebyshev
bases. The finite-task modulus is solved as a con-
vex Hellinger-affinity program on 1,001 support points.
We repair each numerical solution into an explicit fea-
sible pair before reporting it. The global interval uses
8,001 constraint points plus a continuous derivative
certificate. The projection interval uses 1,001 proba-
bility bins. Independent tests check primal-dual agree-
ment, count-law matching, modulus feasibility, and in-
terval containment.

Synthetic coverage. We simulate 400 datasets in
each of eight settings. These include a model-correct
F = Beta(1, 1), a rare-success Beta(0.35, 5), both sides
of the exact b = 8, k = 1000 pair, and both sides of
finite-task modulus pairs at b = 78 for k = 1000, 10000.
Each dataset has 128 tasks. The target is the finite-
task mean of hk(Pi). We compare the two honest in-
tervals with independent taskwise Beta(1, 1) posterior
intervals, computed from 2,000 shared posterior draws.

Figure 2(a,b) shows a sharp split. The taskwise Beta
interval covers 96.25% under the exact Uniform model,
with mean width 0.0059. It has zero coverage under ev-
ery other law. Its mean widths remain between 0.0198
and 0.0550 on the adversarial pairs. Both honest pro-
cedures cover all 3,200 datasets. Projection materially
adapts on benign histograms: its mean width is 0.190
rather than 0.752 under Uniform, and 0.547 rather
than 0.806 under the rare Beta law. It correctly ap-
proaches width one on the indistinguishable pairs.

Public response-bank audit. We use all 22 pan-
els released by Brown et al. (2024), covering four
benchmarks and model sizes from 70M to 70B. Each
panel contains 127–140 tasks and 10,000 responses
per task. For each of 50 shuffles, a total budget of
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Figure 2: Honest uncertainty adapts when the histogram is favorable and stays wide when the data cannot
distinguish the target. Panels (a) and (b) average the two sides of each exact or finite-task pair. Panel (c) shows
fixed-task projection widths over 22 public panels and 50 resamples per panel. Reference inclusion is descriptive
because the 10,000-response bank is finite.

Table 2: Public audit at total budget 10,000. Point
columns report MAE over 1,100 panel-resamples. The
last two columns report the taskwise Beta interval cov-
erage and projection mean width.

k Pop. B. SGT Task B. TB cov. Proj. width
100 .018 .016 .290 .090 .371

1,000 .041 .200 .384 .089 .714
10,000 .070 .353 .333 .091 .721

10,000 is allocated equally, giving 71–78 observed at-
tempts per task. The remaining full bank defines
empirical pass@k references. We evaluate population
Beta-binomial MLE (Kazdan et al., 2025), direct plug-
in, binomial smoothed Good–Toulmin (Orlitsky et al.,
2016), taskwise Beta, and our fixed-task projection in-
terval.

Table 2 shows that the population Beta model is a
useful point forecast on average. Its MAE neverthe-
less grows fourfold from pass@100 to pass@10000, and
17% of its far-horizon forecasts err by more than 0.1.
Smoothed Good–Toulmin is competitive at pass@100
but deteriorates beyond its logarithmic extrapolation
regime. Taskwise Beta intervals are extremely narrow
at the far target, with mean width 0.0118, and include
the finite-bank reference only 9.1% of the time. This
is not a formal coverage evaluation because the refer-
ence is noisy and reuses the bank. It does show that
posterior concentration within a taskwise model is not
a substitute for extrapolation robustness.

The projection interval includes every reference. Its
mean width rises from 0.371 at pass@100 to 0.714 at

pass@1000 and 0.721 at pass@10000. At the two far-
ther targets, 40.5% of intervals are wider than 0.9. The
method is informative for favorable panels and can-
didly uninformative where the available attempts do
not resolve rare successes.

Figure 3 separates allocation from extrapolation. Dy-
namic allocation reduces mean population-Beta MAE
from 0.0697 to 0.0667, only 4.3%, and does not uni-
formly dominate equal allocation across panels. Better
allocation can reduce sampling error, but Proposition
2 shows that a per-task cap cannot resolve the under-
lying moment ambiguity.

5 Related Work and Limitations

Species extrapolation. The functional in (1) is
the normalized incidence-based species accumulation
curve of Colwell et al. (2004). That work gives un-
biased interpolation and parametric finite-mixture ex-
trapolation. Smoothed Good–Toulmin estimators at-
tain logarithmic extrapolation factors in abundance
and Bernoulli-product incidence models (Orlitsky
et al., 2016). Rational continuations and paramet-
ric accumulation-rate models can work much farther
(Daley and Smith, 2013; Shestopaloff, 2025), but their
bootstrap intervals inherit structural bias. For un-
bounded total richness, Mao and Lindsay (2007) prove
a more severe discontinuity that permits only one-
sided inference. Our bounded finite-horizon target in-
stead has a nontrivial, exactly quantified diameter.

Functional estimation and partial identification.
Polynomial approximation is a standard tool for mini-
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Figure 3: Public response-bank forecasts at total budget 10,000 and target k = 10,000. Left: dynamic allocation
usually tracks uniform allocation rather than removing model error. Right: taskwise Beta credible intervals are
much narrower than their discrepancies from the finite-bank reference.

max functional estimation (Jiao et al., 2015). Moment
projection is also classical, and our confidence-band
projection is related to generic partially identified infer-
ence (Kaido et al., 2019). A concurrent paper studies
partial identification of latent truth from dependent
LLM reports (Chen et al., 2026). Its target and ob-
servation model differ from repeated-attempt success.
Our contribution is the pass@k-specific diameter and
horizon, the finite-task modulus, and honest construc-
tions tied to current evaluation practice.

Limitations. The model assumes conditionally in-
dependent attempts with a stable task-specific prob-
ability. Prompt variation, correlated decoding, veri-
fier errors, and nonstationary systems require a differ-
ent observation model. Zhou et al. (2026) show that
deterministic activation interventions can reach some
tasks missed by ordinary sampling, reinforcing that P
is specific to a declared decoding regime rather than
an intrinsic measure of task hardness. The Hellinger
modulus values are feasible lower-bound witnesses, not
certified global optima. Our public references are fi-
nite response banks, not latent truth, and the projec-
tion intervals intentionally trade width for assumption-
robust coverage. Finally, favorable scientific restric-
tions on the lower tail of F can yield much tighter valid
inference. Developing sensitivity analyses indexed by
such restrictions is an important next step.

6 Conclusion

With b attempts per task, pass@k is a finite-moment
extrapolation problem. Its sharp nonparametric ambi-

guity is 2Eb,k, with a transition near k = b2. Finite
task sampling can make honest intervals wide even be-
fore that population boundary is reached. Paramet-
ric forecasts remain valuable when their assumptions
are defensible, but narrow uncertainty beyond the ob-
served budget is evidence about a model as well as
evidence from data. Reporting that distinction makes
repeated-inference scaling claims more auditable.

Reproducibility Statement

The supplement provides complete proofs, data prove-
nance, optimization details, and commands. The arti-
fact contains deterministic tests, all witness laws, raw
and summarized rows, and scripts that regenerate ev-
ery table and figure. Public data are retrieved from
the authors’ released repository.



A Identification Proofs

A.1 Observable information

Let

Bs,b(p) =

(
b

s

)
ps(1− p)b−s, s = 0, . . . , b,

be the degree-b Bernstein basis. If S | P = p is bino-
mial, then Pr(S = s) =

∫
Bs,b(p)dF (p).

Proof of Proposition 1. The b+1 Bernstein polynomi-
als form a basis for Pb. Hence the count probabilities
determine the integral of every polynomial in Pb. Con-
versely, every linear functional of the count probabili-
ties is the expectation of a polynomial in their span, so
no other linear functional of F is directly determined.

For k ≤ b, conditional on S = s, the probability that
a uniformly chosen subset of k observed attempts con-
tains at least one success is

ĥk(s) = 1−
(
b−s
k

)(
b
k

) ,

with the ratio defined as zero when b− s < k. Condi-
tional exchangeability gives Ep[ĥk(S)] = 1 − (1 − p)k.
Averaging over tasks and F proves unbiasedness.

For k > b, hk(p) = 1 − (1 − p)k has degree k and is
not in Pb. Theorem 1 constructs two laws that agree
on every element of Pb but disagree on hk, proving
nonidentification in general.

A.2 The identified interval for fixed moments

For a feasible moment vector µ = (µ0, . . . , µb), define

F(µ) =

{
F :

∫
pj dF (p) = µj , j = 0, . . . , b

}
.

The set is weakly compact because probability mea-
sures on [0, 1] are weakly compact and the moment con-
straints are continuous. The functional F 7→

∫
hkdF is

continuous, so its minimum and maximum over F(µ)
exist. Convexity implies that every value between the
two endpoints is attained.

The lower primal problem and its generalized moment
dual are

inf
F∈F(µ)

∫
hk dF and sup

q∈Pb


b∑

j=0

qjµj : q ≤ hk

 .

The upper pair reverses the optimization and the enve-
lope. Feasibility and compact support give equality of
primal and dual values (de Klerk and Laurent, 2019;
Halaseh et al., 2026). A dual envelope need not at-
tain its optimum when µ lies on the boundary of the
moment cone. This is why the main paper uses a supre-
mum and an infimum.

Because hk − q and q− hk are univariate polynomials,
their nonnegativity on [0, 1] can also be represented
exactly by the Markov–Lukacs certificate. If a polyno-
mial r has even degree 2d,

r(p) = σ0(p) + p(1− p)σ1(p),

where σ0, σ1 are sums of squares of degrees at most 2d
and 2d− 2. If its degree is odd 2d+ 1,

r(p) = pσ0(p) + (1− p)σ1(p),

where both sums of squares have degree at most 2d.
Gram-matrix representations turn the endpoint prob-
lems into finite semidefinite programs. Their size
grows with k, so our largest-horizon computations in-
stead use linear programs on Chebyshev grids and
monotone outer projection.

A.3 Sharp worst-case diameter

Proof of Theorem 1. Set X = 1 − P . Matching the
first b moments of P is equivalent to matching those
of X. Let F,G be any two such laws and let q ∈ Pb.
Since

∫
q d(F −G) = 0,

|θk(F )− θk(G)| =
∣∣∣∣∫ xk d(F −G)(x)

∣∣∣∣
=

∣∣∣∣∫ (xk − q(x)) d(F −G)(x)

∣∣∣∣
≤ 2‖xk − q‖∞.

Taking the infimum over q proves Db,k ≤ 2Eb,k.

For the reverse inequality, let C = C[0, 1] with the
uniform norm, and consider the quotient Banach space
C/Pb. The norm of the coset [xk] is its distance to Pb,
namely Eb,k. By Hahn–Banach, there is a continuous
linear functional Λ on C with operator norm one such
that

Λ(q) = 0 (q ∈ Pb), Λ(xk) = Eb,k.

The Riesz representation theorem gives a finite signed
measure ν with total variation one and Λ(f) =

∫
f dν.

Since the constant function lies in Pb, ν([0, 1]) = 0. In
the Jordan decomposition ν = ν+ − ν−, both parts
therefore have mass 1/2.

Define probability measures F ⋆ = 2ν+ and G⋆ = 2ν−.
They match every polynomial of degree at most b, and∫

xk d(F ⋆ −G⋆) = 2Eb,k.

Their count laws match by the Bernstein representa-
tion. Their pass@k values have the same absolute gap
because the constant part of 1 − xk cancels. Thus
Db,k ≥ 2Eb,k.



A.4 Newman–Rivlin mapping

Proof of Corollary 1. Let E
[−1,1]
n (f) denote best

degree-n uniform approximation on [−1, 1]. If q ∈ Pb,
then q(z2) is an even degree-2b polynomial and

sup
z∈[−1,1]

|z2k − q(z2)| = sup
x∈[0,1]

|xk − q(x)|.

Conversely, symmetrizing any degree-2b approximant
to the even function z2k cannot increase its error. The
resulting even polynomial is q(z2) for a q ∈ Pb. Hence

Eb,k = E
[−1,1]
2b (z2k).

Newman and Rivlin (1976) prove that

1

4e
Pn,m ≤ E[−1,1]

m (zn) ≤ Pn,m,

where Pn,m is the probability that the absolute differ-
ence between heads and tails in n fair tosses exceeds
m. With n = 2k,m = 2b, that event is |H − k| > b
for H ∼ Binomial(2k, 1/2). Multiplication by two and
Theorem 1 give the displayed bounds.

For large k, the standardized threshold is b/
√
k/2 =√

2b/
√
k. The central limit theorem therefore places

the transition at b/
√
k of constant order. If b/

√
k →

∞, the tail and diameter vanish. If that ratio remains
bounded, the lower bound stays away from zero along
nondegenerate limits.

A.5 Declared support restrictions

Proof of Corollary 2. Under P ∈ [p0, 1], set X = 1 −
P ∈ [0, a] with a = 1 − p0. If a = 0, the target is
constant and the claim is immediate. Otherwise write
X = aY . The map from laws of X to laws of Y ∈ [0, 1]
is bijective. Matching degree-b moments is preserved
under this scaling, and∣∣EFX

k − EGX
k
∣∣ = ak

∣∣EFY
k − EGY

k
∣∣ .

Taking the supremum over matching laws and apply-
ing Theorem 1 gives Db,k(p0) = akDb,k.

B Confidence-Set Lower Bounds

B.1 Exactly matching count laws

First part of Theorem 2. Let AF = {θk(F ) ∈ C} and
AG = {θk(G) ∈ C}. Under a shared data law,

Pr(AF ∩AG) ≥ 1− Pr(Ac
F )− Pr(Ac

G) ≥ 1− 2α.

On the intersection, C contains two points sepa-
rated by ∆, so its diameter is at least ∆. The
expected-length claim follows from E[diam(C)] ≥
∆Pr{diam(C) ≥ ∆}.

B.2 Nearby finite-task experiments

Lemma 1 (Affinity bound). For probability mass
functions q, r, define ρ(q, r) =

∑
s

√
qsrs. Then

TV(q, r) ≤
√
1− ρ(q, r)2.

For M iid observations, ρ(qM , rM ) = ρ(q, r)M .

Proof. Cauchy–Schwarz gives

TV(q, r) =
1

2

∑
s

|√qs −
√
rs|(

√
qs +

√
rs)

≤ 1

2

√∑
s

(
√
qs −

√
rs)2

√∑
s

(
√
qs +

√
rs)2

=
√
(1− ρ(q, r))(1 + ρ(q, r)).

The product identity follows by factorizing the sum
over product outcomes.

Finite-task part of Theorem 2. Let PF , PG denote the
two full data laws. Coverage and total variation give

PF (AG) ≥ PG(AG)− TV(PF , PG)

≥ 1− α− TV(PF , PG).

Combining this with PF (AF ) ≥ 1− α yields

PF (AF ∩AG) ≥ 1− 2α− TV(PF , PG).

The preceding lemma bounds the final term by√
1− ρ(qF , qG)2M . On the intersection the interval

spans the target gap.

B.3 Convex modulus program and repair

On support points p1, . . . , pJ , let w, z be two vectors in
the probability simplex. Define the (b+1)× J matrix

Asj =

(
b

s

)
psj(1− pj)

b−s

and tj = hk(pj). For a desired product-TV budget v,
the grid-restricted program is

maximize t⊤(w − z)

subject to w, z ≥ 0, 1⊤w = 1⊤z = 1,

b∑
s=0

√
(Aw)s(Az)s ≥ (1− v2)1/(2M).

The affinity is concave in (w, z), so its superlevel set is
convex. The objective is linear. Any feasible solution



is an actual pair of mixing laws, and therefore a valid
lower-bound witness for the unrestricted modulus.

Numerical solvers can return weights with tiny neg-
ative entries or affinity slightly below the requested
value. We first clip negative weights and renormalize.
Let m = (w+z)/2 and d = (w−z)/2. We then replace
the pair by

wλ = m+ λd, zλ = m− λd, 0 ≤ λ ≤ 1.

At λ = 0, the two laws coincide and have affinity one.
We use bisection to select the largest feasible λ, fol-
lowed by a relative 10−10 shrinkage. Every reported
target gap is recomputed from this repaired pair. Thus
solver optimality labels do not affect validity of the
lower bounds.

B.4 Adaptive policies

Proof of Proposition 2. Condition on the policy’s ex-
ternal random seed, so its decisions are deterministic
functions of the observed transcript. Consider any fi-
nite transcript compatible with the policy. For task
i, suppose it contains ti ≤ b observations with si suc-
cesses. Integrating its latent probability gives the his-
tory probability∫

psi(1− p)ti−si dF (p).

The integrand has degree ti ≤ b, so this value is un-
changed when F is replaced by a law G with matching
first b moments. Latent task probabilities are indepen-
dent, hence the probability of the collection of task
histories is the product of these integrals. Policy de-
cisions add only indicators that the transcript follows
the deterministic rule. Therefore every complete tran-
script has the same probability under F and G. Aver-
aging over the external random seed proves the claim
for a randomized policy.

C Honest Interval Constructions

C.1 Global Bernstein interval

Theorem 3. Fix arbitrary p1, . . . , pM ∈ [0, 1], and in-
dependently draw Si ∼ Binomial(b, pi). If ‖q−hk‖∞ ≤
ϵ, where

q(p) =

b∑
s=0

asBs,b(p),

and R = maxs as−mins as, then the global polynomial
interval in the main paper covers

θM,k =
1

M

M∑
i=1

hk(pi)

with probability at least 1−α. If instead Pi are iid from
F , the same interval also covers population θk(F ) with
that probability.

Proof. Let ā = M−1
∑

i aSi . The Bernstein identity
gives

E[ā] =
1

M

∑
i

q(pi).

The deterministic approximation error therefore satis-
fies

|E[ā]− θM,k| ≤ ϵ.

Each aSi lies in an interval of length R. Hoeffding’s
inequality for independent, not necessarily identically
distributed variables yields

Pr{|ā− Eā| > RcM} ≤ 2 exp(−2Mc2M ) = α.

The triangle inequality gives coverage before clipping,
and intersecting with [0, 1] cannot remove the target.

For iid tasks, the mixture counts Si are iid and
E[aSi ] =

∫
q(p)dF (p). Repeating the same approxi-

mation and concentration argument gives population
coverage.

Design program. On evaluation points uℓ, the im-
plemented linear program minimizes

ϵ+ cM (amax − amin)

over a0, . . . , ab, ϵ, amin, amax, subject to

|q(uℓ)− hk(uℓ)| ≤ ϵ, amin ≤ as ≤ amax.

After solving, we certify the continuous error. The
Bernstein derivative identity gives

q′(p) = b

b−1∑
s=0

(as+1 − as)Bs,b−1(p),

so |q′(p)| ≤ b∆a, where ∆a = maxs |as+1 − as|. Also
h′
k(p) = k(1−p)k−1, which decreases in p. On adjacent

grid points uℓ, uℓ+1, every p is within half the interval
width of an endpoint. Hence the continuous error on
that interval is at most

max{|q(uℓ)− hk(uℓ)|, |q(uℓ+1)− hk(uℓ+1)|}

+
uℓ+1 − uℓ

2

[
k(1− uℓ)

k−1 + b∆a

]
.

We use the maximum of these bounds plus 10−10 as ϵ.

Asymptotic sharpness. In the ideal continuous de-
sign problem, every feasible polynomial has ϵ ≥ Eb,k.
Conversely, for any η > 0, choose a polynomial with
error at most Eb,k + η. Its finite Bernstein coefficient
range is multiplied by cM → 0. Therefore the opti-
mized half-width converges to Eb,k, and the full worst-
case width converges to 2Eb,k = Db,k.



Table 3: Finite-task modulus witnesses for M = 128, b = 78, α = 0.05. All displayed product-TV bounds are at
most the requested v.

k v target gap span probability expected-length lower solver label
100 .05 .00531 .850 .00451 optimal-inaccurate
100 .10 .01063 .800 .00850 optimal
100 .20 .02139 .700 .01497 optimal
100 .30 .03246 .600 .01948 optimal
100 .40 .04407 .500 .02203 optimal

1,000 .05 .28233 .850 .23998 optimal-inaccurate
1,000 .10 .33187 .800 .26549 optimal-inaccurate
1,000 .20 .39457 .700 .27620 optimal-inaccurate
1,000 .30 .44060 .600 .26436 optimal-inaccurate
1,000 .40 .47946 .500 .23973 optimal-inaccurate

10,000 .05 .80759 .850 .68645 optimal-inaccurate
10,000 .10 .83681 .800 .66945 optimal-inaccurate
10,000 .20 .86959 .700 .60871 optimal-inaccurate
10,000 .30 .89134 .600 .53480 optimal-inaccurate
10,000 .40 .90786 .500 .45393 optimal-inaccurate

C.2 Count-CDF projection interval

For thresholds s = 0, . . . , b− 1, write

gs(p) = Pr{Binomial(b, p) ≤ s}.

This function is decreasing in p. The pass target hk(p)
is increasing.
Theorem 4. For iid tasks from F , use radius

δiid =

√
log(2/α)

2M
.

For fixed p1, . . . , pM with independent counts, use

δfix =

√
log(2b/α)

2M
.

The endpoint-envelope linear program in the main pa-
per gives a (1− α) outer confidence interval for θk(F )
in the iid case, and for θM,k in the fixed case.

Proof. In the iid case, the counts Si are iid draws
from the mixture count CDF Gs =

∫
gs(p)dF (p). The

DKW inequality (Massart, 1990) gives

Pr
{
max

s
|Ĝs −Gs| > δiid

}
≤ α.

In the fixed case, 1{Si ≤ s} are independent variables
in [0, 1], with average expectation

GM,s =
1

M

∑
i

gs(pi).

For each threshold, Hoeffding’s inequality gives a two-
sided error probability at most 2 exp(−2Mδ2). A

union bound over the b nontrivial thresholds gives the
stated radius.

It remains to prove projection validity on either
simultaneous-band event. Let F⋆ be F in the iid set-
ting and the empirical law M−1

∑
i δpi in the fixed set-

ting. On a partition [ej , ej+1], set wj = F⋆([ej , ej+1]),
with a fixed convention at shared endpoints. Mono-
tonicity gives∑

j

wjgs(ej+1) ≤
∫

gs dF⋆ ≤
∑
j

wjgs(ej).

Combining these inequalities with the confidence band
shows that the true bin masses are feasible for the
linear constraints. A second use of monotonicity gives∑

j

wjhk(ej) ≤
∫

hk dF⋆ ≤
∑
j

wjhk(ej+1).

The minimized lower envelope can only be smaller
than the left side, and the maximized upper enve-
lope can only be larger than the right side. The pro-
jected interval therefore contains the target on the
simultaneous-band event.

Numerical conditioning. To compute the upper
endpoint, maximizing hk is implemented as minimiz-
ing the failure probability (1 − p)k, then subtracting
the optimum from one. This avoids an objective nu-
merically indistinguishable from the constant one at
large k. Each endpoint first uses HiGHS, then retries
its dual simplex and interior-point methods at a re-
laxed 10−8 feasibility tolerance. Every reported run
completed successfully after this reparameterization.



Table 4: Worst-case population identification. Grid-
based approximation and moment-pair programs agree
at the displayed precision.

b k approx. Db,k max moment resid.
4 128 .6677 2.1× 10−15

8 1,000 .7833 5.7× 10−12

16 1,000 .5086 5.1× 10−15

32 10,000 .7066 4.3× 10−12

64 10,000 .3886 1.6× 10−14

78 1,000 .000489 8.2× 10−11

78 10,000 .28495 7.3× 10−13

D Numerical Identification Results

The b = 78, k = 100 error is below double-precision
resolution. We do not use the numerical zero as a
theorem. Corollary 1 gives the rigorous bound

3.58× 10−33 ≤ D78,100 ≤ 3.89× 10−32.

At full precision, the two induced count probability
vectors differ by at most 1.7× 10−12. Their target val-
ues are 0.9501871171 and 0.1668880229. Their stored
degree-b Chebyshev moment residual is 5.7 × 10−12.
For this ambiguity example, the numerical primal and
dual diameters differ by less than 10−11.

E Experiment Protocols and
Additional Results

E.1 Synthetic interval audit

Each repetition first samples 128 latent task probabil-
ities from the specified discrete or Beta law. It then
samples one binomial count per task. Coverage is eval-
uated against the realized finite-task target

θM,k = M−1
M∑
i=1

[1− (1− pi)
k].

This makes the comparison conditional on the sampled
benchmark and matches the fixed-task guarantee of
both honest intervals.

The exact pair is the law in Table 5. Finite-pair laws
are the repaired v = 0.2 modulus witnesses for b =
78, k ∈ {1000, 10000}. The benign laws are Beta(1, 1)
and Beta(0.35, 5), discretized by 20,001 equal-mass
midpoint quantiles for simulation.

For each taskwise Bayesian interval, the posterior is

pi | Si ∼ Beta(Si + 1, b− Si + 1).

We use 2,000 independent joint posterior draws, com-
pute the task-average pass@k for each draw, and

take its 2.5% and 97.5% quantiles. The posterior
mean is computed analytically. Population Beta point
estimates use a ten-start Beta-binomial maximum-
likelihood fit in log parameters. We also report the di-
rect plug-in and the clipped binomial smoothed Good–
Toulmin point estimates.

The honest intervals’ empirical coverage of one is con-
sistent with their guarantees but should not be inter-
preted as exact calibration. Their concentration radii
are conservative at M = 128. The comparison of
widths is the relevant positive result: the projection
interval adapts substantially under Uniform and rare
Beta laws, while retaining the required width on hard
pairs.

E.2 Public response-bank audit

Data provenance. We use the correct-
ness indicators from all 22 configurations of
ScalingIntelligence/monkey_business, the
response-bank release of Brown et al. (2024). The Hug-
ging Face dataset revision observed during the audit
was a9f8f73bcd6948a57ed922cba4e48062ef95f553.
Its dataset card declares the MIT license. We fetch
only the is_corrects and original task index columns
from the hosted Parquet shards, sort by original task
index, and store Boolean arrays plus source URLs.
The 22 panels contain 127–140 tasks and 10,000
attempts per task.

References and resampling. For a response bank
with N = 10000 attempts and ci successful attempts
on task i, the finite-bank pass reference is

θ̂k =
1

M

M∑
i=1

[
1−

(
N−ci

k

)(
N
k

) ]
.

This is the expected without-replacement pass@k of
a uniformly sampled subset from the bank. For each
of 50 seeds, we independently shuffle each task’s re-
sponses. Equal allocation uses the first bB/Mc re-
sponses per task. Dynamic allocation implements Al-
gorithm 1 of Kazdan et al. (2025): it initializes each
task, then allocates attempts according to the pre-
scribed function of failures and successes. The nom-
inal budgets are 1,000, 3,000, and 10,000. Targets are
100, 1,000, and 10,000.

Population Beta fit. Given possibly unequal bi and
counts si, the likelihood is∏

i

(
bi
si

)
B(si + α, bi − si + β)

B(α, β)
.

The combinatorial factors do not affect optimization.
We optimize logα, log β with analytic gradients from



Table 5: Atomic laws for the b = 8, k = 1000 ambiguity example. Weights shown here are rounded. The artifact
stores full precision.

High pass@1000 law Low pass@1000 law
p weight p weight

.002934 .940617 .000000 .833112

.149794 .038257 .041906 .134095

.501963 .011496 .311564 .018474

.854108 .006747 .692430 .008329
1.000000 .002882 .962090 .005991

Table 6: Synthetic 95% interval audit over 400 repetitions per scenario. “Task B.” is taskwise Beta, “Projection”
is fixed-task count-CDF projection, and “Global” is the Bernstein interval.

Scenario Method coverage mean width MAE repetitions
Uniform, b = 78, k = 1000 Task B. .9625 .0059 .0011 400

Projection 1.0000 .1901 .0941 400
Global 1.0000 .7523 .2606 400

Rare Beta, b = 78, k = 1000 Task B. .0000 .0379 .1233 400
Projection 1.0000 .5470 .1224 400
Global 1.0000 .8056 .1637 400

Exact low, b = 8, k = 1000 Task B. .0000 .0210 .8235 400
Projection 1.0000 1.0000 .3318 400
Global 1.0000 1.0000 .3318 400

Exact high, b = 8, k = 1000 Task B. .0000 .0210 .0415 400
Projection 1.0000 .9999 .4502 400
Global 1.0000 1.0000 .4503 400

Finite first, b = 78, k = 1000 Task B. .0000 .0549 .1384 400
Projection 1.0000 .9472 .2792 400
Global 1.0000 .9531 .2670 400

Finite second, b = 78, k = 1000 Task B. .0000 .0551 .5350 400
Projection 1.0000 .9490 .1165 400
Global 1.0000 .9540 .1285 400

Finite first, b = 78, k = 10000 Task B. .0000 .0198 .0204 400
Projection 1.0000 1.0000 .4722 400
Global 1.0000 1.0000 .4722 400

Finite second, b = 78, k = 10000 Task B. .0000 .0198 .8900 400
Projection 1.0000 1.0000 .3974 400
Global 1.0000 1.0000 .3974 400

Table 7: Uniform-allocation public point forecasts at
total budget 10,000. Each row contains 1,100 panel-
resamples.

k method MAE RMSE fraction > |.1|

100 Population Beta .0175 .0225 .000
100 SGT .0161 .0223 .000
100 Plug-in .0396 .0516 .055
100 Taskwise Beta .2901 .3451 .729

1,000 Population Beta .0414 .0558 .092
1,000 SGT .2000 .2764 .605
1,000 Plug-in .1481 .1845 .511
1,000 Taskwise Beta .3843 .4846 .682

10,000 Population Beta .0697 .1300 .170
10,000 SGT .3529 .4688 .713
10,000 Plug-in .2365 .2869 .737
10,000 Taskwise Beta .3326 .4489 .682

Table 8: Fixed-task projection audit over 22 panels
and 50 resamples.

k ref. inclusion mean width median width width > .9

100 1.000 .371 .395 .000
1,000 1.000 .714 .787 .405

10,000 1.000 .721 .787 .405

ten starting points, using bounds [−14, 18] on both log
parameters. Boundary fits are retained and flagged.
Forecasts use

1− B(α, β + k)

B(α, β)
.

All 59,400 forecast rows used in the main point-
estimate audit have finite objectives. The artifact pre-
serves convergence, gradient, and boundary diagnos-
tics.

Reference inclusion is not a frequentist coverage esti-
mate. The full bank is finite, contains the sampled



prefix, and estimates rather than equals a latent tar-
get. We report it as a reproducible descriptive check.
The synthetic study provides the controlled coverage
experiment.

E.3 Compute and software

All optimization and data experiments ran in Python
3.10 on Argonne Swing. CPU computations were sub-
mitted to a GPU-only PBS queue but do not use
the allocated accelerator. Core packages are NumPy,
SciPy 1.15.3, pandas, Matplotlib, CVXPY, Clarabel,
PyArrow, and fsspec. Four spawned workers run the
coverage and projection audits with all BLAS thread
counts set to one.

The full 400-repetition synthetic audit took 2 minutes
41 seconds on one node. The 3,300-row public pro-
jection audit took 2 minutes 16 seconds. The artifact
uses fixed seeds, writes outputs only after all worker
results return, and contains ten deterministic tests.
Tests cover the combinatorial estimator, dynamic al-
location, Beta-binomial recovery, taskwise posterior
computation, smoothed Good–Toulmin interpolation,
identification primal-dual agreement, continuous bias
certification, finite-modulus feasibility, and projection
containment.

F Additional Literature Boundary

The closest statistical model predates pass@k. Col-
well et al. (2004) use the same incidence binomial mix-
ture and accumulation functional. They recommend
moment interpolation, fit finite mixtures for extrap-
olation, and caution that the asymptote is unreliable.
Orlitsky et al. (2016) derive minimax smoothed Good–
Toulmin estimators in both abundance and Bernoulli-
product incidence models. Their estimable extrapo-
lation factor grows logarithmically with sample size.
Our work addresses a different quantity: the exact
finite-b identified diameter, finite-task interval lower
bounds, and honest pass@k projection.

Mao and Lindsay (2007) show that unseen-class odds
in a zero-truncated Poisson mixture are discontinuous
and that uniformly informative two-sided inference for
total richness is impossible. That target is unbounded
and asymptotic. Our finite-horizon target remains in
[0, 1], producing a bounded but nontrivial ambiguity
that changes continuously with b and k. Daley and
Smith (2013) use rational continuation for sequencing-
library complexity, while Shestopaloff (2025) fits para-
metric accumulation-rate tails and uses a parametric
bootstrap. Both demonstrate that structural continu-
ation can be practically effective.
Basu et al. (2026) give exact pointwise CDF and
quantile intervals for a binomial mixing distribution

by test inversion. They explicitly discuss the finite-
moment identification boundary. They do not study
the pass@k functional, its sharp diameter, or the b2

horizon. Kaido et al. (2019) provide generic asymptot-
ically calibrated projection intervals for partially iden-
tified moment models. Our count-CDF interval is a
specialized nonasymptotic outer projection whose va-
lidity follows from DKW or finite Hoeffding bands and
monotone bin endpoints.

Recent pass@k papers impose useful structure rather
than study nonparametric identification. Schaeffer
et al. (2025) explain aggregate power laws through
heavy lower tails. Levi (2025) derive the same curve
under a Beta failure model, while Levi (2026) connect
a regularly varying difficulty tail to training-dependent
inference scaling. Kazdan et al. (2025) propose pop-
ulation Beta-binomial fitting and dynamic allocation.
Anonymous (2026) propagate taskwise Beta or Dirich-
let posteriors through richer repeated-sampling pro-
files. Hariri et al. (2026) use taskwise Bayesian infer-
ence to stabilize model evaluation. Our audits target
the extrapolative assumptions in these population and
taskwise models, not their within-model posterior alge-
bra. A separate diagnostic by Zhou et al. (2026) shows
that a deterministic intervention can reach some tasks
missed by ordinary sampling. That result concerns
the choice of decoding regime, not extrapolation from
a fixed regime’s finite count law.
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