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Abstract

U-calibration asks one online probability fore-
caster to have low regret for every bounded
proper loss, including losses unknown when
the forecasts are made. For nontrivial
K ≥ 2, the optimal worst-case rate is
Θ(
√
min{K,T}T ), while the smooth-loss

class has minimax time rate Θ(log T ). A
recent simultaneous algorithm attains both
time rates but leaves a polynomial gap in
K. We show that the classical Bayesian
bootstrap closes this gap. At round t, inde-
pendently assign exponential weights to the
past outcomes and predict their normalized
weighted histogram. Equivalently, if ct−1

is the vector of past outcome counts, sam-
ple Pt ∼ Dirichlet(ct−1) on the observed
face of the simplex. For every outcome se-
quence with terminal counts n1, . . . , nK , ob-
served support size m, and every proper loss
in [−1, 1], the expected regret is at most

6

K∑
i=1

√
ni ≤ 6

√
mT ≤ 6

√
min{K,T}T .

For every β-smooth loss, the same forecasts
have regret at most the regret of empirical
follow-the-leader plus (β/2) log T , and there-
fore O(β log T ) for bounded smooth proper
losses. The proof uses three elementary
facts: a one-count Dirichlet update has to-
tal variation O(1/

√
ci), size-biasing an ex-

ponential weight adds an independent expo-
nential weight, and weighted be-the-leader
holds simultaneously for all proper losses. A
class-aggregation reduction gives the match-
ing dimension-capped lower bound. The al-
gorithm is loss-agnostic, horizon-free, proper,
and minimax-optimal for the worst bounded
loss while retaining the minimax-optimal
smooth-class time rate.

1 Introduction

A probability forecast is often consumed by a deci-
sion maker whose utility is unknown to the forecaster.
Proper losses formalize this setting. If outcomes follow
a distribution p, reporting p minimizes expected loss.
U-calibration asks for one sequence of online forecasts
that has low regret under every bounded proper loss
(Kleinberg et al., 2023). This gives a loss-agnostic guar-
antee to all downstream agents represented by those
losses.

For K outcomes and horizon T ≥ 12K, the minimax
worst-loss rate is Θ(

√
KT ) (Luo et al., 2024). The

upper bound follows by adding independent geometric
numbers of hallucinated copies of each outcome before
taking their empirical frequency. This perturbation is
optimal for the worst bounded proper loss, but it is too
large for easier losses. In particular, it incurs Ω(

√
T )

regret even for squared loss, whose optimal regret is
Θ(log T ) (Frongillo et al., 2026). We also show that
the all-regime worst-loss rate is Θ(

√
min{K,T}T ) by

lifting the same lower bound through outcome aggre-
gation.

Frongillo et al. (2026) recently showed that this con-
flict is not inherent. Their self-concordant perturba-
tion remains inside the probability simplex and si-
multaneously obtains logarithmic regret for smooth
proper losses. For general bounded proper losses, how-
ever, its regret is Õ(K5/4

√
T ) rather than the optimal

O(
√
KT ). They explicitly leave optimal dependence

on K open. A Gaussian construction has the desired
dimension dependence but can predict outside the sim-
plex, where a general proper loss is not defined.

We close this dimension gap with a classical random-
ization from statistics. The Bayesian bootstrap draws
independent exponential weights on the observations
and recomputes the statistic of interest (Rubin, 1981).
Applied to a categorical sample, its weighted empirical
distribution is Dirichlet with parameters equal to the
observed counts. Using a fresh bootstrap replicate at
every round gives our forecaster.

The result is unexpectedly direct. If the current la-



bel has appeared j times, adding its latest occurrence
changes the Dirichlet law by total variation O(j−1/2).
Summing over occurrences gives O(

∑
i

√
ni). This

controls the usual stability term. The less obvious
be-the-perturbed-leader term is handled by exponen-
tial size bias. Multiplying by the current exponen-
tial weight changes that weight from Gamma(1, 1) to
Gamma(2, 1), which is the same as adding one indepen-
dent exponential copy. Weighted be-the-leader then
compares a one-count-shifted Dirichlet law to the best
fixed forecast. A second application of the same total-
variation bound completes the proof.

Smooth adaptation comes from another basic prop-
erty of the Bayesian bootstrap. A Dirichlet draw cen-
tered at the empirical frequency is unbiased, with total
squared variance at most 1/t. Smoothness therefore
charges at most β/(2t) relative to empirical follow-the-
leader. The harmonic sum preserves logarithmic re-
gret.

Contributions. Our main theorem gives a single
horizon-free algorithm with

Regℓ ≤ 6
∑
i

√
ni ≤ 6

√
mT ≤ 6

√
min{K,T}T

for every bounded proper loss ℓ. The first inequal-
ity is support and frequency adaptive, and a class-
aggregation corollary proves that the final rate is
minimax-optimal in every dimension regime. For ev-
ery bounded β-smooth proper loss, the same algorithm
has O(β log T ) regret, which matches the smooth-class
time lower bound. Unlike prior optimal-worst-case al-
gorithms, the perturbation scale is not tuned to T .
Unlike prediction-space Gaussian noise, every forecast
belongs to the simplex.

Scope. We follow the simultaneous expected-regret
convention of Frongillo et al. (2026): one loss-agnostic
algorithm satisfies a bound for every fixed loss. This is
also called pseudo U-calibration, supℓ E[Regℓ], in Luo
et al. (2024). We do not claim a bound on E[supℓ Regℓ].
The self-concordant method also gives logarithmic re-
gret for some nonsmooth losses that are smooth rela-
tive to the log barrier. Our theorem does not subsume
that extension.

2 Setting and Prior Bounds

Let [K] = {1, . . . ,K} and let

∆K =

{
p ∈ RK

+ :

K∑
i=1

pi = 1

}
.

At round t, the forecaster outputs Pt ∈ ∆K and ob-
serves yt ∈ [K]. Write ei for the ith standard basis vec-
tor, ct =

∑t
s=1 eys for the count vector, and ni = cT,i.

Let m = |{i : ni > 0}| be the number of observed
outcomes.

A loss ℓ : ∆K × [K] → [−1, 1] is proper if, for every
q ∈ ∆K ,

q ∈ arg min
p∈∆K

K∑
i=1

qiℓ(p, i).

For a fixed outcome sequence, expected regret is

Regℓ(T ) = E

[
T∑

t=1

ℓ(Pt, yt)

]
− min

p∈∆K

T∑
t=1

ℓ(p, yt).

Properness implies that the comparator is the terminal
empirical frequency cT /T . Expectations are only over
the forecaster.

The main statement is for an oblivious sequence. It
also holds when yt is selected from the history before
the fresh random draw at time t. This is the standard
nonanticipating adaptive protocol. Section S3 of the
supplement gives the conditional argument and relates
it to the usual fresh-perturbation reduction (Hutter
and Poland, 2005).

A differentiable loss is β-smooth if for all p, q ∈ ∆K

and y ∈ [K],

ℓ(p, y) ≤ ℓ(q, y) + ⟨∇ℓ(q, y), p− q⟩+ β

2
∥p− q∥22.

We take β ≥ 1, which loses nothing because a loss
with a smaller constant is also one-smooth. Empirical
follow-the-leader predicts Q1 = P1 and Qt = ct−1/(t−
1) for t ≥ 2. Prior work gives RegFTL

ℓ (T ) = O(β log T )
for bounded β-smooth proper losses (Luo et al., 2024;
Frongillo et al., 2026).

Table 1 compares simultaneous methods. Geomet-
ric count perturbations obtain the optimal worst-loss
rate but not smooth adaptation. Self-concordant noise
adapts, but has a larger K exponent in the worst
case. The Bayesian bootstrap attains both target
rates. Concurrent calibeating work reduces calibeat-
ing to regret minimization (Chen et al., 2026) or gives
loss-based regularization for Lipschitz and Tsallis fam-
ilies (Fichtl et al., 2026). Those results do not provide
a worst-case-optimal learner for all bounded proper
losses that also adapts to smooth losses.

Adjacent benchmarks. Several recent lines ask
stronger questions under different comparators.
Proper-calibeating controls calibration and refinement
uniformly over bounded proper losses relative to refer-
ence forecasts (Foster and Hart, 2026). Recalibration
balances calibration with excess loss relative to binary
hint sequences (Hu et al., 2026a). Omniprediction
and decision-swap regret use feature-dependent



Table 1: Per-loss expected regret for one loss-agnostic multiclass forecaster. Logarithmic entries concern bounded
β-smooth proper losses. The count-adaptive bound implies the stated worst-case rate.

Method Every bounded proper loss Every smooth proper loss Horizon-free and proper

Geometric count FTPL (Luo et al., 2024) O(
√
KT ) Ω(

√
T ) can occur No, yes

Self-concordant noise (Frongillo et al., 2026) Õ(K5/4
√
T ) O(β log T + β

√
K logK) No, yes

Gaussian prediction noise (Frongillo et al., 2026) O(
√
KT log T ) O(β log T ) No, no

Bayesian bootstrap, this paper 6
∑

i

√
ni ≤ 6

√
min{K,T}T O(β log T ) Yes, yes

comparator classes or loss-dependent postprocessing
(Okoroafor et al., 2025; Lu et al., 2025; Hu et al.,
2026b). Most recently, swap-agnostic learning lets a
binary comparator hypothesis vary with the learner’s
prediction bucket (Okoroafor, 2026). None of these
results supplies the optimal finite-horizon multiclass
regret against the best fixed distribution for every
bounded proper loss. Conversely, our best-fixed-
distribution guarantee does not imply calibration,
hinted excess-loss control, or prediction-conditioned
comparator regret.

3 Bayesian-Bootstrap Forecaster

For a nonzero count vector c ∈ NK
0 , let Dc denote the

Dirichlet law on its observed face. Formally, draw in-
dependent Gi ∼ Gamma(ci, 1) for ci > 0, set Gi = 0
when ci = 0, and return G/

∑
i Gi. This definition in-

cludes lower-dimensional faces. If only one coordinate
is positive, Dc is a point mass.

Algorithm. Choose any fixed P1 ∈ ∆K . At each
round t ≥ 2, independently sample

Pt ∼ Dct−1 . (BB)

After observing yt, update ct = ct−1 + eyt . Equiva-
lently, draw independent Wt,s ∼ Exp(1) for s < t and
predict

Pt =

∑
s<t Wt,seys∑
s<t Wt,s

.

The equivalence follows because sums of exponential
variables are gamma and normalized independent gam-
mas are Dirichlet. It is also exactly the Bayesian boot-
strap after grouping repeated categorical observations
(Rubin, 1981).

The count representation samples at most m gamma
variables per round and stores K integer counts. It
does not use T , ℓ, or β.
Theorem 1 (Worst-loss guarantee). For every K,T ,
every outcome sequence, and every proper ℓ : ∆K ×
[K] → [−1, 1], the Bayesian-bootstrap forecaster satis-
fies

Regℓ(T ) ≤ 6
∑

i:ni>0

√
ni ≤ 6

√
mT ≤ 6

√
min{K,T}T .

The same inequalities hold against a nonanticipating
adaptive adversary in expectation over the realized out-
come path.
Theorem 2 (Smooth transfer). Let ℓ be a β-smooth
proper loss and let RegFTL

ℓ (T ) be the pathwise regret of
empirical follow-the-leader initialized at the same P1.
Then

Regℓ(T ) ≤ RegFTL
ℓ (T ) +

β

2

T∑
t=2

1

t
.

Consequently, every bounded β-smooth proper loss has
Regℓ(T ) = O(β log T ) under the same forecasts used
in Theorem 1.
Corollary 3 (All-regime minimax rate). Let LK be
the proper losses from ∆K × [K] to [−1, 1]. For K ≥ 2
and T ≥ 24,

inf
A

sup
y1:T∈[K]T

ℓ∈LK

RegAℓ (T ) = Θ
(√

min{K,T}T
)
,

where the infimum is over randomized forecasting al-
gorithms. The upper bound is horizon-free. Section S5
proves the lower bound by aggregating K outcomes onto
r = min{K, ⌊T/12⌋} outcomes and invoking the lower
bound of Luo et al. (2024).

For a realized randomized forecast sequence, write

R̂egℓ(T ) =

T∑
t=1

ℓ(Pt, yt)− min
p∈∆K

T∑
t=1

ℓ(p, yt).

The fresh draws also give a simultaneous guarantee
over a finite collection of losses.
Corollary 4 (Finite loss families). Let L0 be a finite
family of M proper losses in [−1, 1]. Against an obliv-
ious or nonanticipating adaptive adversary, with prob-
ability at least 1− δ,

max
ℓ∈L0

R̂egℓ(T ) ≤ 6
∑
i

√
ni +

√
2T log(M/δ). (1)

For a fixed oblivious sequence,

Emax
ℓ∈L0

R̂egℓ(T ) ≤ 6
∑
i

√
ni +

√
2T logM. (2)

Thus the stronger expected-supremum notion is con-
trolled for every finite loss family.



Corollary 3 makes the bounded-loss guarantee
minimax-optimal in every dimension regime. The
Ω(log T ) squared-loss lower bound of Luo et al. (2024)
makes the smooth-class time rate optimal. The first
inequality of Theorem 1 is stronger when only a few
classes occur or the terminal histogram is unbalanced.

4 One-Count Dirichlet Stability

The proof rests on an elementary update lemma. We
use dTV(µ, ν) =

1
2

∫
|dµ− dν|.

Lemma 5 (One-count update). Let c ̸= 0, N =∑
k ck, and ci > 0. Then

dTV(Dc,Dc+ei) ≤
1

2

√
N − ci

ci(N + 1)
≤ 1

2
√
ci
. (3)

If ci = 0, the total variation is at most one.

Proof. Work on the face indexed by supp(c). The ratio
of Dirichlet densities is

dDc+ei

dDc
(p) =

Npi
ci

.

If P ∼ Dc, then Pi ∼ Beta(ci, N − ci) and

Var

(
NPi

ci

)
=

N − ci
ci(N + 1)

.

The first inequality follows from the density ratio and
Cauchy–Schwarz. The second is immediate. If ci = 0,
the two laws can lie on different faces, so we use the
trivial bound. When ci = N , both laws are the same
point mass and the displayed bound is zero.

If a label appears ni times, applying Lemma 5 succes-
sively gives a cumulative change proportional to

ni∑
j=1

j−1/2 = O(
√
ni).

This controls stability. To control the comparator
term with the same update, we next exploit a prop-
erty specific to exponential weights.

5 Exponential Size Bias and Be the
Leader

Fix the entire outcome sequence only for this argument.
Draw one global collection W1, . . . ,WT

iid∼ Exp(1) and
define the weighted leader after observing round t by

At+1 =

∑
s≤t Wseys∑
s≤t Ws

. (4)

For every realization of the weights and every proper
loss, At+1 minimizes the weighted cumulative loss
through t. The standard be-the-leader lemma (Cesa-
Bianchi and Lugosi, 2006) therefore gives

T∑
t=1

Wtℓ(At+1, yt) ≤ min
p∈∆K

T∑
t=1

Wtℓ(p, yt). (5)

Although the global weights couple rounds, we use
them only to prove an inequality about the marginal
Dirichlet laws in (BB). The actual algorithm resamples
independently.
Lemma 6 (Dirichlet be-the-perturbed-leader). For
every fixed outcome sequence and every bounded proper
loss,

T∑
t=1

EP∼Dct
ℓ(P, yt)− min

p∈∆K

T∑
t=1

ℓ(p, yt) ≤
K∑
i=1

ni∑
j=1

1√
j
.

(6)

Proof. For W ∼ Exp(1) and every integrable f ,

E[Wf(W )] = E[f(W +W ′)], (7)

where W ′ is an independent exponential variable. In-
deed, the size-biased density we−w is Gamma(2, 1),
the law of W +W ′.

Suppose yt = i and it is the jth occurrence of class
i. Ordinarily, (4) has law Dct . In the Wt-weighted
expectation on the left of (5), identity (7) adds one
exponential copy of the current observation. Thus its
law is Dct+ei . Taking expectations in (5) gives

∑
t

EDct+eyt
ℓ(P, yt) ≤ E

[
min
p

∑
t

Wtℓ(p, yt)

]
≤ min

p

∑
t

ℓ(p, yt),

where the last step uses EWt = 1 and expectation of
a minimum is at most the minimum of expectations.
Since ℓ ∈ [−1, 1], replacing Dct+ei by Dct costs at most
twice their total variation. Lemma 5 bounds that cost
by 1/

√
j. Summing proves (6).

This is the main reason for exponential rather than
generic random weights. The size-biased law is ex-
actly one additional weight from the same family,
and gamma additivity translates that observation-level
identity into a one-count Dirichlet update.

6 Proof of the Main Theorems

For c ̸= 0, define

Lt(c) = EP∼Dcℓ(P, yt).



Let D0 be the point mass at P1, so this notation also
covers the first round. Add and subtract Lt(ct) to
decompose regret as

Regℓ(T ) =

T∑
t=1

(
Lt(ct−1)− Lt(ct)

)
(8)

+

T∑
t=1

Lt(ct)−min
p

T∑
t=1

ℓ(p, yt).

The second line is bounded by Lemma 6. For the first
line, consider the jth occurrence of class i. If j = 1,
total variation is at most one. If j ≥ 2, Lemma 5 with
the previous count j − 1 gives

Lt(ct−1)− Lt(ct) ≤
1√
j − 1

.

Consequently,

Regℓ(T ) ≤ 2m+
∑
i

ni−1∑
j=1

1√
j
+
∑
i

ni∑
j=1

1√
j
.

Using
∑n

j=1 j
−1/2 ≤ 2

√
n and m ≤

∑
i

√
ni proves

Regℓ(T ) ≤ 6
∑
i

√
ni.

Cauchy–Schwarz gives
∑

i

√
ni ≤

√
mT , and m ≤

min{K,T}, proving Theorem 1.

For Theorem 2, set q = ct−1/(t − 1) for t ≥ 2. If
P ∼ Dct−1 , standard Dirichlet moments give

E[P ] = q, E∥P − q∥22 =
1− ∥q∥22

t
≤ 1

t
. (9)

Smoothness and the zero mean of P − q imply

E[ℓ(P, yt)− ℓ(q, yt)] ≤
β

2
E∥P − q∥22 ≤ β

2t
.

At round one, the bootstrap and FTL use the same
initialization. Summing the comparison and adding
the common comparator proves the transfer inequality.
The prior O(β log T ) FTL bound gives the corollary.

To prove Corollary 4, condition at round t on the his-
tory and the outcome selected before the fresh draw.
For each fixed ℓ, the difference between ℓ(Pt, yt) and
its conditional expectation is a martingale difference
whose range has length two. Hoeffding’s lemma and a
union bound over L0 give (1). The deterministic count-
vector inequality proved above bounds the sum of con-
ditional expectations minus the realized-path compara-
tor. The standard log-moment-generating-function ar-
gument gives (2). The supplement gives the details
and an extension through uniform covers.

7 Discussion

The Bayesian bootstrap resolves the geometric obsta-
cle in simultaneous U-calibration without constructing
a new barrier or projection. Its randomness is automat-
ically centered, remains on the current simplex face,
and decays at the statistical t−1/2 scale. The exponen-
tial representation supplies a separate online-learning
advantage through exact size bias.

The count-adaptive bound may be useful beyond
worst-case dimension. It depends on the realized oc-
cupancy profile rather than the nominal alphabet size.
The proof also isolates a reusable design principle: seek
random-weight families whose size-biased law equals
the original law plus one independent weight, then
combine weighted be-the-leader with stability of the
induced empirical distribution.

There are two clear boundaries. First, our guaran-
tee is per-loss expected regret rather than expected
supremum over losses. Second, Dirichlet draws can
approach the boundary, so relative smoothness with
respect to the log barrier does not follow from the Eu-
clidean variance argument. The self-concordant con-
struction of Frongillo et al. (2026) remains stronger
for that nonsmooth class. Determining whether one
proper forecaster can be rate-optimal for every indi-
vidual proper loss remains open.

Reproducibility. The supplement gives complete
proofs, including face-degenerate cases and the adap-
tive protocol. A deterministic numerical audit inte-
grates the Dirichlet update distance, checks exact mo-
ments, and solves the binary worst-sequence dynamic
program for squared and V-shaped losses. No numeri-
cal calculation is used as a proof.
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S1 Dirichlet Laws on Faces

For c ∈ [0,∞)K \ {0}, let I = {i : ci > 0} and N =
∑

i ci. We define Dc on the face

∆I = {p ∈ ∆K : pi = 0 for i /∈ I}

by drawing independent Gi ∼ Gamma(ci, 1) for i ∈ I, setting all other coordinates to zero, and normalizing.
Relative to Lebesgue measure on this face, the density is

fc(p) =
Γ(N)∏
i∈I Γ(ci)

∏
i∈I

pci−1
i . (S1)

If I is a singleton, this notation means the corresponding point mass.
Lemma 7 (Exact density ratio and total variation). If ci > 0, then

dDc+ei

dDc
(p) =

Npi
ci

and

dTV(Dc,Dc+ei) =
1

2
EP∼Dc

∣∣∣∣1− NPi

ci

∣∣∣∣ ≤ 1

2

√
N − ci

ci(N + 1)
. (S2)

If ci = 0, the two distributions are mutually singular unless c is zero, which never arises in this lemma.

Proof. The normalizing constants in (S1) satisfy

Γ(N + 1)

Γ(N)

Γ(ci)

Γ(ci + 1)
=

N

ci
,

and the monomial gains a factor pi. This proves the density ratio. The marginal Pi is Beta(ci, N − ci), with

EPi =
ci
N

, Var(Pi) =
ci(N − ci)

N2(N + 1)
.

The identity in (S2) is the density-ratio formula for total variation. Cauchy–Schwarz and the displayed variance
give the upper bound. If ci = 0, Pi = 0 under Dc and Pi > 0 almost surely under Dc+ei whenever another
coordinate is present, so the supports are disjoint up to null sets.

For later reference, define H
(1/2)
n =

∑n
j=1 j

−1/2 and H
(1/2)
0 = 0. Integral comparison gives

H(1/2)
n ≤ 1 +

∫ n

1

x−1/2dx = 2
√
n− 1 ≤ 2

√
n. (S3)

S2 Weighted Be the Leader and Exponential Size Bias

We first record the weighted form of be the leader with no regularity assumption on the loss.
Lemma 8 (Weighted be the leader). Let wt ≥ 0, let ft be arbitrary functions on a common action space, and
choose at+1 ∈ argmina

∑t
s=1 wsfs(a). Then

T∑
t=1

wtft(at+1) ≤ min
a

T∑
t=1

wtft(a). (S4)

Proof. Let Ft(a) =
∑t

s=1 wsfs(a). Induction on T gives
T∑

t=1

wtft(at+1) ≤ FT−1(aT ) + wT fT (aT+1)

≤ FT−1(aT+1) + wT fT (aT+1)

= FT (aT+1) = min
a

FT (a).



The second line uses the optimality of aT for FT−1 in the direction FT−1(aT ) ≤ FT−1(aT+1). If some prefix has
total weight zero, any action is a leader and the same induction applies.

For a proper loss and weighted categorical observations, the normalized weighted histogram is a leader. Indeed,
if S =

∑
t wt > 0 and q = S−1

∑
t wteyt , then∑

t

wtℓ(p, yt) = S
∑
i

qiℓ(p, i),

which is minimized at p = q by properness.
Lemma 9 (Exponential Palm identity). Let W1, . . . ,WT be independent Exp(1) variables. For every integrable
measurable F ,

E[WtF (W1, . . . ,WT )] = E[F (W1, . . . ,Wt +W ′
t , . . . ,WT )], (S5)

where W ′
t is an independent Exp(1) variable.

Proof. The density we−w integrates to one and is the Gamma(2, 1) density. A sum of two independent unit-rate
exponentials has this law. Integrating the other coordinates proves (S5).

Proposition 10 (Deterministic Dirichlet BTPL inequality). Fix any outcome path y1:T . For every proper loss
in [−1, 1],

T∑
t=1

EP∼Dct
ℓ(P, yt)−min

p

T∑
t=1

ℓ(p, yt) ≤
K∑
i=1

H(1/2)
ni

. (S6)

Proof. Use one global exponential weight Wt for each observation and define the normalized weighted histogram
At+1 through round t. Lemma 8 applies simultaneously to every proper loss. Taking expectations on its right
side gives

Emin
p

∑
t

Wtℓ(p, yt) ≤ min
p

∑
t

E[Wt]ℓ(p, yt) = min
p

∑
t

ℓ(p, yt). (S7)

Suppose yt = i and this is its jth occurrence. The classwise sums of the ordinary weights through time t are inde-
pendent gamma variables with shape vector ct. Hence At+1 ∼ Dct . In the weighted expectation E[Wtℓ(At+1, yt)],
Lemma 9 adds one exponential weight to class i. Its normalized histogram has law Dct+ei . We have proved∑

t

EDct+eyt
ℓ(P, yt) ≤ min

p

∑
t

ℓ(p, yt). (S8)

For a function in [−1, 1], changing a distribution costs at most twice total variation. Lemma 7 bounds the
replacement of Dct+ei by Dct by 1/

√
j. Summing by class proves (S6).

The use of globally coupled weights in this proof does not change the algorithm. Proposition 10 is a deterministic
inequality in the outcome path and the marginal laws Dct . The online forecaster uses independent fresh draws
with exactly those marginals.

S3 Adaptive Outcomes and Simultaneous Concentration

Let Ut be an independent random seed used to generate Pt ∼ Dct−1 . Let Ft−1 contain all previous seeds, forecasts,
and outcomes. A nonanticipating adversary selects yt as an Ft−1-measurable variable, after which Pt is generated
from the fresh Ut. The order in which the unrevealed yt and Pt are physically computed is immaterial. The
requirement is that yt not depend on Ut or Pt.

For a fixed loss, define
µt = E[ℓ(Pt, yt) | Ft−1] = EP∼Dct−1

ℓ(P, yt),

with D0 the first-round point mass. For every realized outcome path, the fixed-sequence proof in the main paper
and Proposition 10 give

T∑
t=1

µt −min
p

T∑
t=1

ℓ(p, yt) ≤ 6
∑
i

√
ni. (S9)



This proves the expected adaptive guarantee after taking expectations. It also gives concentration because
Zt = ℓ(Pt, yt)− µt is a martingale difference.
Theorem 11 (Finite families and covers). Let L0 contain M proper losses in [−1, 1]. Under the preceding
adaptive protocol, with probability at least 1− δ,

max
ℓ∈L0

R̂egℓ(T ) ≤ 6
∑
i

√
ni +

√
2T log(M/δ). (S10)

For a fixed oblivious path,
Emax

ℓ∈L0

R̂egℓ(T ) ≤ 6
∑
i

√
ni +

√
2T logM. (S11)

More generally, suppose a class L has an ε-cover of size M(ε) in uniform norm over ∆K × [K]. Then with
probability at least 1− δ,

sup
ℓ∈L

R̂egℓ(T ) ≤ 6
∑
i

√
ni + 2εT +

√
2T log(M(ε)/δ). (S12)

Proof. For each loss, Zt has conditional mean zero and lies in an interval of length two. Conditional Hoeffding’s
lemma yields

E
[
eλ

∑
t Zt

]
≤ eλ

2T/2. (S13)

Together with (S9), Chernoff’s method and a union bound prove (S10). For a fixed path, apply the log-sum-exp
bound to (S13):

Emax
ℓ∈L0

∑
t

Zt,ℓ ≤
logM

λ
+

λT

2
.

Optimizing at λ =
√
2 logM/T gives (S11), with the case M = 1 following directly from mean zero. Finally,

replacing a loss and its comparator by a uniformly ε-close cover element changes realized regret by at most 2εT .
Apply (S10) to the cover to obtain (S12).

S4 Smooth-Loss Transfer in Full Detail

Let c ̸= 0, N =
∑

i ci, q = c/N , and P ∼ Dc. Dirichlet covariance is

Cov(Pi, Pj) =

{
qi(1− qi)/(N + 1), i = j,

−qiqj/(N + 1), i ̸= j.
(S14)

Taking the trace gives

E∥P − q∥22 =
1− ∥q∥22
N + 1

. (S15)

These formulas remain valid on a proper face after deleting zero coordinates.

At round t ≥ 2, N = t− 1 and empirical FTL predicts q = ct−1/(t− 1). For any β-smooth loss,

E[ℓ(Pt, yt)− ℓ(q, yt)] ≤ ⟨∇ℓ(q, yt),E[Pt − q]⟩+ β

2
E∥Pt − q∥22

≤ β

2t
.

Summing proves the transfer theorem without using properness. Properness is needed only to invoke the empirical
FTL regret bound and to share the same best fixed comparator. More generally, the transfer applies to any
smooth loss sequence for which empirical frequencies have a useful comparator guarantee.



S5 Class Aggregation and the All-Regime Lower Bound

We record the reduction used in Corollary 3 of the main paper. It makes explicit why the worst-loss rate is
capped at T when the nominal alphabet is larger than the horizon.
Lemma 12 (Lifting through outcome aggregation). Let 2 ≤ r ≤ K, let π : [K] → [r] be surjective, and define
Aπ : ∆K → ∆r by

(Aπp)j =
∑

i:π(i)=j

pi.

If ℓ̃ : ∆r × [r] → [−1, 1] is proper, then
ℓ(p, i) = ℓ̃(Aπp, π(i)) (S16)

is proper on ∆K × [K]. Moreover, every r-outcome regret lower bound transfers unchanged to K outcomes.

Proof. For q ∈ ∆K , the expected lifted loss is

K∑
i=1

qiℓ(p, i) =

r∑
j=1

(Aπq)j ℓ̃(Aπp, j).

Properness of ℓ̃ makes this expression minimal when Aπp = Aπq. In particular, p = q is a minimizer, so ℓ is
proper.

Choose one representative sj ∈ π−1(j) for each aggregated outcome. Given any K-outcome forecasting algorithm,
map each forecast pt to Aπpt and restrict the adversary to outcomes s1, . . . , sr. This produces a valid r-outcome
forecasting algorithm. For every representative sequence yt = szt , (S16) gives equality of the incurred losses.
Since Aπ is onto,

min
p∈∆K

∑
t

ℓ(p, yt) = min
u∈∆r

∑
t

ℓ̃(u, zt).

Thus the regrets are identical, and any lower bound for the mapped algorithm transfers to the original one.

Corollary 13 (Dimension-capped lower bound). For K ≥ 2 and T ≥ 24, every randomized K-outcome fore-
casting algorithm has an oblivious outcome path and a proper loss in [−1, 1] for which

Regℓ(T ) = Ω
(√

min{K,T}T
)
. (S17)

Together with the main theorem, this proves the all-regime minimax rate.

Proof. If K ≤ T/12, apply the lower bound of Luo, Senapati, and Sharan with r = K. Otherwise let r = ⌊T/12⌋.
Then 2 ≤ r ≤ K, T ≥ 12r, and r ≥ min{K,T}/24. Apply their Ω(

√
rT ) lower bound and lift its proper loss and

hard outcome path by Lemma 12. This gives (S17).

S6 Verification Audit

The accompanying script verify_dirichlet.py performs three independent checks.

First, it numerically integrates the exact total variation between Beta(a, b) and Beta(a + 1, b) and checks the
variance upper bound in Lemma 7. Second, it samples representative Dirichlet laws and checks their mean and
total squared variance against (S15). Third, it uses dynamic programming over all binary outcome paths to find
exact worst expected regret for the Bayesian-bootstrap forecaster under squared loss and under the V-shaped
proper loss used to show that empirical FTL can have linear regret.

The dynamic program keeps, for each count pair (a, b), the largest cumulative expected loss among paths reaching
that pair. The one-step expected loss depends only on (a, b) and the next outcome. At the horizon, the program
subtracts the proper-loss value of the empirical-frequency comparator and maximizes over terminal count pairs.
Table 2 reports representative values. The V-shaped column follows the expected square-root law, while squared
loss follows the logarithmic law. These calculations are error checks only.



Table 2: Exact binary worst-path dynamic program.
T V-shaped regret regret/

√
T squared regret regret/ log T

16 2.798889 0.699722 1.771800 0.639042
64 5.951375 0.743922 2.464643 0.592621

256 12.272007 0.767000 3.157771 0.569463
1024 24.964856 0.780152 3.850917 0.555570


