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ABSTRACT

Regret matching+ (RM+) is parameter free, scale invariant, and central to large

game solving, but its only general individual-regret guarantee grows as v7. A
recent ICLR result used this envelope to prove that RM+ reaches an e-stationary
point of a smooth objective over a product of simplices in O(e~*) iterations, or
O(e~8) from the standard zero initialization. We give an exact one-step conserva-
tion law for RM+. It states that forward utility gain pays for both squared state
motion and growth of the regret-state norm. Norm growth is at most /m — 1
times forward gain for m actions, and the coefficient is sharp. This yields four re-
sults for unmodified RM+. Its regret on any utility path is controlled by centered
temporal variation. Its regret is uniformly bounded under alternating play in every
finite exact potential game, resolving an open question and making squared acti-
vation gaps summable. Both certified lazy and ordinary cyclic play attain an €2
exponent. On any smooth, possibly nonconcave simplex objective, RM+ finds an
€-KKT point in O(e~2) iterations. Most broadly, for a smooth objective over an
arbitrary product of simplices, cyclic block RM+ attains the same O(e~2) expo-
nent from arbitrary initialization, with an explicit trajectory-dependent constant.
The proof controls the finite objective loss caused by low-state blocks and then
self-bounds every block state and the total squared path length. Complete proofs
cover zero states, sharpness, common-profile stationarity, and robust gain domi-
nance. Oracle-normalized diagnostics compare RM+ with predictive and smooth
extra-gradient variants on graphical potential games and dense nonconvex objec-
tives.

1 INTRODUCTION

Regret matching is a foundational procedure for online learning and adaptive play (Hart & Mas-
Colell, 2000). Its positive-truncation variant, regret matching+ (RM+), is a basic component of
counterfactual regret minimization systems that solve very large imperfect-information games (Tam-
melin, 2014; Zinkevich et al., 2007). RM+ is unusually simple. It keeps a nonnegative regret vector,
normalizes it to obtain the next mixed strategy, and introduces no learning-rate parameter. Its scale
invariance and practical speed have motivated connections to Blackwell approachability and mirror
descent, predictive variants, and stabilization schemes (Farina et al., 2021; 2023; Cai et al., 2025;
Zhang et al., 2025; Meng et al., 2026).

Beyond two-player zero-sum games, however, even qualitative convergence was unresolved until
recently. Anagnostides et al. (2026b) proved that RM+ reaches approximate KKT points for smooth
optimization over products of simplices. Their result implies convergence to Nash equilibria in
potential games, a question open for two decades (Marden et al., 2007; Kleinberg et al., 2009). The
analysis gives an O(e~*) rate when every block is initialized above a prescribed threshold and only
O(e8) from standard zero initialization. Its key denominator is the accumulated regret state. If
that state were uniformly bounded, their framework would instead give the canonical O(e~?) rate.
They explicitly leave open whether RM+ can incur Q(\/T) regret in a potential game. The broader
optimization benchmarks of Tewolde et al. (2026) show strong empirical RM+ performance. No
proof or superconstant example was known.

We prove that constant regret is forced by the RM+ update whenever its forward gains have finite
budget. Let r and r’ be consecutive nonnegative regret states, let  and z’ be their normalizations,



and let u be the current utility vector. Define the forward gain D = (2’ — z,u). Our starting point
is the exact identity

21D = |13 = 1713 + I — *3- (1)
The squared-motion term underlies the earlier one-step improvement analysis. The first term on the
right was discarded there. Retaining it closes the loop because regret itself is bounded by the state
norm. In fact, we prove the sharp charge

I7ll2 = lI7ll2 < v/m —1D. @
The factor v/m — 1 cannot be improved.

Equation equation 2 gives a pathwise online-learning theorem. For every utility sequence and arbi-
trary nonnegative initialization,

T
Regyp < [lrrll2 < roll2 + vim — 1Z<l‘t+1 — Ty, W), &)
t=1
This is a self-bounding guarantee. It does not require the utilities to be stochastic, smooth, or chosen
obliviously. Summation by parts immediately bounds the last sum by centered temporal variation.
Thus vanilla RM+, without predictions, attains the better of its adversarial square-root guarantee and
a first-order variation guarantee whose accompanying state-norm constant is sharp.

The same theorem has stronger consequences when the utility path is generated by optimization or
a game. In an exact potential game under sequential unilateral updates, D, is exactly the increase
in the mixed extension of the potential. It is nonnegative, and its sum never exceeds the potential
range. Therefore every player’s regret is bounded by a horizon-independent constant. This answers
the open question for alternating RM+ and improves the ¢ dependence of both lazy and ordinary
cyclic play from four to two. The ordinary bound has a trajectory-dependent §~2 constant, while
a phased lazy variant avoids this constant, is target-free, and always retains a certified approximate
Nash profile.

For a smooth objective, the argument is less direct because forward linearized gain need not equal ob-
jective improvement. Above an explicit state-norm threshold, smoothness ensures that the objective
pays at least half of D;. On one simplex, the finite objective range therefore bounds all subsequent
gain, and equation 2 prevents further state growth. This gives
i =0(r "2 4

in Gap(z:) = O( )s “
where Gap is the simplex KKT gap. This is an O(e~?2) iteration bound for the original parameter-
free trajectory.

The main obstacle on a product of simplices is that low-state block updates may decrease the objec-
tive and erase high-state ascent. We show that this loss is finite. Before a block crosses its threshold,
state monotonicity bounds its squared state motion. A trajectory-dependent lower bound § on posi-
tive state norms converts this into a finite squared strategy-motion budget, hence a finite smoothness
loss. The objective range then bounds all high-state gain. The sharp charge closes a simultaneous
system of bounds on every block state and on the global squared path. Finally, smoothness transfers
each block’s activation-time gap to a common cycle endpoint. For cyclic block RM+ on any smooth
product-simplex objective,

; Ky _ —1/2
I, Gapy (27) = O(K™/%), )

with all constants explicit. Thus the € exponent improves from four to two under prescribed large
initialization and from eight to two under zero initialization.

Table 1 summarizes the changes. Simultaneous block updates remain outside our general product
theorem because their linearized gains need not decompose into sequential objective changes.

Contributions. We establish the exact identity equation 1, the sharp charge equation 2, and a
matching construction. We derive a variation-adaptive regret theorem for vanilla RM+. We prove
constant regret and summable activation gaps in alternating exact potential games, a certified O(e~2)
lazy rate, and an O(6~2¢~2) ordinary cyclic rate. For smooth nonconvex optimization, we prove
O(e72) KKT rates both on one simplex and, through a new low-state loss budget, on arbitrary
products under cyclic block updates. The proofs are deterministic and preserve the parameter-free,
scale-invariant update.



Setting Previous guarantee ~ This work

Favorable online utilities O(vmT) O(v/mVr)
Alternating exact potential game O(v'mT) regret O(yv/m As) regret

( (
e-lazy potential play O(e™*) sweeps O(e™?) sweeps
Ordinary cyclic potential play O(e™*) sweeps O(572%7?) sweeps
Smooth objective, one simplex O(e™*) iterations  O(e™?) iterations
Smooth product, large initialization ~ O(e™*) cycles O(e7%) cycles
Smooth product, zero initialization ~ O(e™®) cycles Os(e72) cycles

Table 1: Consequences for unmodified RM+. Here V7 is centered temporal variation, Ag is po-
tential range, and ¢ is the first-positive-state quantity defined below. The displayed rates suppress
dimension, range, smoothness, and initialization constants. Previous optimization and potential-
game rates are from Anagnostides et al. (2026b).

Related work. RM and RM+ arise from Blackwell approachability and can be viewed as FTRL
and Euclidean OMD on the positive orthant (Hart & Mas-Colell, 2000; Farina et al., 2021). Predic-
tive RM+ can be unstable, motivating restarted, clipped, smooth, and extra-gradient variants (Farina
et al., 2023; Cai et al., 2025; Meng et al., 2025). Zhang et al. (2025) obtain constant regret un-
der a weighted Minty condition for their modified extra-gradient IREG-PRM+ algorithm. Meng
et al. (2026) modify smooth predictive RM+ through adaptive regret domains. In contrast, our re-
sults concern vanilla nonpredictive RM+ and use favorable realized forward gain rather than an
RVU inequality. D’Orazio & Huang (2021) give prediction-sensitive Lagrangian-hedging bounds,
including a path-length result for an optimistic RM+ variant on a fixed smooth loss. Variation-
dependent regret more broadly has a long history in online learning (Hazan & Kale, 2010; Chiang
et al., 2012). Those results design regularized-leader or modified gradient and multiplicative-weight
methods around gradual variation. Our centered temporal-variation result changes neither RM+ nor
its feedback.

Near-constant or constant regret is known for other dynamics under different structures. These
include paced optimistic FTRL in general games, adaptive scale-invariant FTRL in zero-sum
games, extrapolated FTRL in harmonic games, and optimistic fictitious play in two-action zero-sum
games (Soleymani et al., 2025; Tsuchiya et al., 2026; Legacci et al., 2024; Lazarsfeld et al., 2025).
These algorithms use optimism, regularization, adaptive pacing, or best responses. Conversely,
Anagnostides et al. (2026a) prove exponential convergence lower bounds for broad permutation-
invariant FTRL dynamics in two-player potential games, and doubly exponential bounds for fic-
titious play with many players. RM-+’s orthant truncation creates the different self-bounding
mechanism studied here. Recent fast statistical rates for KL-regularized «-potential games con-
cern offline estimation under reference-anchored coverage, not iteration complexity of unmodified
RM+ (Chen & Zhang, 2026). Discounted regret matching deliberately bounds old regret through for-
getting (Brown & Sandholm, 2019). We show that no forgetting is needed in exact potential games
because forward gain itself pays for state growth. Earlier potential-game dynamics either change
regret aggregation or analyze different learning rules (Marden et al., 2007; Kleinberg et al., 2009).
The closest work is Anagnostides et al. (2026b), whose one-step inequality and ascent region we
sharpen and close.

2 RM+ AND ITS EXACT CONSERVATION LAW

For m > 2, write A, = {x € R} : (x,1) = 1}. RM+ begins with o € R7". If r,_; # 0, it plays
Xt =14—1/||Tt—1]|1. At the origin it plays an arbitrary fallback. After observing u; € R™, it sets

gt = ug — (T, up)1, Te = [re1 + ge) - (6)

The next strategy is xi41 = 7¢/||r¢l|1 if v # 0. If r, = 0, retain o441 = 4. Let s¢ = [|re|1,
Ry = |rell2s ¢¢ = r¢e — 74-1, and

Dy = (x141 — @, ur) = (Te41, 9)- )

The second equality uses (x¢, g;) = 0. Adding an arbitrary multiple of 1 to u; changes none of these
quantities.



Lemma 1 (Exact accounting). Every RM+ update satisfies
25:Dy = R} — R} | + || atll3- ®)
Moreover, Ry > R;_1, Dy > 0, and
2
D, > lla: i )
St
whenever s; > 0.

Proof. On a coordinate where r; is positive, ¢z = ¢;. A coordinate where r; is zero contributes
nothing to either (r;, q;) or {r, g;). Hence s; Dy = (r¢,g:) = (r¢,q:). Expanding r,_1 = 1 — q;
proves equation 8. Also (r¢—1,q:) > (ri—1, g:) = 0, where truncation can only make the first inner
product larger. Thus R? — R? | = 2(ri—1,q:) + |lg:||3 > ||g:]|3. The remaining claims follow

from equation 8. O

v

The earlier one-step analysis keeps equation 9. The equality reveals that forward gain also pays for
norm growth. A direct reverse-triangle argument gives Ry — Ry—1 < (s¢;/R¢)D; < /mD;. The
next result improves the dimension factor and is sharp.

Theorem 2 (Sharp forward-gain charge). For every RM+ update,

Rt_Rt—l S \/m—lDt. (10)
Consequently, for every horizon T,
T T
Reg, := max > ailal < lrrllee < Rr < Ro+vVm—1% Dy (11)
asimii=1 t=1

The constant \/m — 1 is optimal.

Proof. Only equation 10 needs proof. Suppose R; > R;_1 and normalize y = r;/ Ry, 2 = r4_1/ Ry,
and p = ||z||2 < 1. Since s, Dy = (r¢, 70 — 11—1),
Ry — Ry lyli(1—p)

— . 12
D, T (12)

If y has a zero coordinate, then (y, z) < p and |supp(y)| < m — 1, so the ratio is at most ||y||; <
vm — 1. If y is strictly positive, no coordinate was clipped. Thus ¢; = g¢; and (z,y — z) = 0,
which gives (y,z) = p?. With a = min; y[j], positivity gives p > a, while Cauchy-Schwarz
gives [yl < a+ vm—1vV1—a? < /m —1(1 + a). The ratio in equation 12 is therefore
llyll1/(1+ p) < +/m — 1. The zero-state edge case is detailed in Appendix A.

Clipping implies rr[a] > rola] + Zthl gt[a], which proves the regret inequalities after sum-

ming equation 10. For sharpness, take ro = 0, fallback 1 = ey, and u; = (0,1,...,1). Then
7"1:(0,1,...,1),D1:1,andR1—R0:\/m—l. O

Theorem 2 is useful whenever a scalar process controls >, D;. We first record a purely online
consequence.

Corollary 3 (Centered temporal variation). Let vy = u; — ¢;1, where ¢; = (max, utlal +
min, u[al)/2, and define

T
Vr = [[01llse + 07 llc + D 0 = vt-1]lsc- (13)

t=2

With ro = 0, vanilla RM+ satisfies
RegT SRT S \/m—IVT. (14)

This holds simultaneously with the standard adversarial bound Regy < (3, ||g:/|3)'/2. The state-
norm coefficient in equation 14 is sharp, even at T = 1.



Proof. Shift invariance and summation by parts give
T
ZDt Z (Teg1 — T4, v1)
t=1

T
= (xp41,07) — (21,01 Jrz Ty, V1 — ) < Vo (15)
=2

Apply Theorem 2. The sharp one-step example in its proof has V; = 1 and makes the state-norm
inequality in equation 14 an equality. O

3  FAST SMOOTH OPTIMIZATION OVER SIMPLICES

3.1 ONE SIMPLEX: A 6-FREE BOUND

Let f : A,, — R be differentiable and L-smooth in Euclidean norm. Define its range A; =
max, f(z) — min, f(x) and the simplex KKT gap

Gap(z) = max (y — 2,V [(2)) = max Vo f(2) — (2, V(2)). (16)

Assume the gradient coordinate range is at most G
Jnax max Vo f(2) = Vo f(z)| < G. (17)
Run RM+ from ro = 0 with utilities u; = V f(x;). There is no step size. Scaling f by a positive
constant scales the state but leaves every strategy unchanged.
Set
H = max{2mG,9mL}, M =H+2Vm—1Ay, C=H*+2ymMA;.  (18)

Theorem 4 (Uniform regret and an e 2 KKT rate). For every T > 1, parameter-free RM+ satisfies

Regr < Rr <M (19)
and
T
> Gap(x)® < C. (20)
In particular,
min Gap(z;) < /C/T, T >C/é @)}

1<t<T
suffices to reach an €-KKT point.

Proof. We isolate the step that closes the previous analysis. If the new state satisfies 2, > H, then

f(wepr) = flxe) > %Dt- (22)

Indeed, smoothness gives a lower bound by D; — (L/2)||xs11 — x¢||3. Since ||g¢]|oc < G, the
conditions s; > 2mG and s; > 9m L imply

L o _ llall3
2||9Ct+1 zelz < 25

< =Dy. (23)

DN | =

Appendix B gives the normalization calculation.

The state norm is nondecreasing by Lemma 1. If it never reaches H, then equation 19 is immediate.
Otherwise let 7 be the first index with R, > H. Equation equation 22 holds from the crossing

update onward, so ZtT:T D, < 2Ay. The sharp charge gives

T
Rp <R y+Vm—1% Di<H+2Vm—1A; =M. (24)
t=71



Before the crossing, the standard norm monotonicity inequality gives R? — R? | > Gap(x;)?.

Hence the pre-threshold sum of squared gaps is below H?. From the crossing onward, Lemma 1
and equation 23 also give

laelly _ Gap(a,)?

— > . 25
Summing and using the range of f proves equation 20. Equation equation 21 follows by averaging.
O

The =2 dependence matches the classical first-order scale for general smooth nonconvex optimiza-
tion (Carmon et al., 2021). It improves the e~ % rate of Anagnostides et al. (2026b) for the identical
parameter-free trajectory. Their reduction also shows that Theorem 4 improves simultaneous RM+
in symmetric potential games when all players share the same initialization. We do not extend this
corollary to arbitrary simultaneous play.

3.2 PRODUCTS OF SIMPLICES: CYCLIC BLOCK RM+

Let X = H?zl A, let m = max; m;, and let f : X — R be L-smooth in Euclidean norm, with
range A ;. Assume every block-gradient coordinate range is at most G:

max max |V; f(z)[a] — Vif (z)[b]] < G. (26)

Cyclic block RM+ visits ¢ = 1,...,n and gives block 7 the current utility V, f(x). Other blocks
remain fixed. Let z* be the end of cycle k, and define the product KKT gap

Gapp(z) = g}rgg{c( y—a,Vf(x Z (maxv f(x)[a] — (ac,,Vlf(x))) (27)

i=1

Allow arbitrary nonnegative initial states, with 9 = r9/||r?||; whenever r¥ # 0. Define ¢ as the
minimum of one, every positive initial state norm, and the first positive state norm of each zero-
initialized block that ever leaves the origin. Blocks that remain at the origin are omitted. Put

H; = max{2m;G,9m;L}, A= Z mH?, E = 2?—;1, (28)
Ji = max{||r? |2, H;}, M; = J; +2v'm; — 1(Af + E), (29)
W = max /m; M, Q=> H}+2W(A;+E), Cn=+n+ @ (30)
Theorem 5 (Cyclic product-simplex optimization). At every activation, block i has ||ri||2 < M. If

qi i is its state increment in cycle k and Sy, =", ||¢i i 2, then
> Sk <@ min Gapy(a*) < CnvV/Q/K. 31)

<k<K
k>1
Consequently K > C%Q/e? suffices for an e-KKT cycle endpoint, and Gapy(z*) — 0 along the
actual cycle-end sequence.

The proof resolves the interaction between blocks rather than assuming it away. Call an update of
block i low if its new state norm is below H;. Norm monotonicity makes low updates an initial prefix
and gives >, |lg:|3 < H2. The normalization map and the definition of § give ||z — z;[]2 <
2,/m;||qi||2/0, including transitions from the origin. Smoothness therefore limits total objective
decrease over all low updates to E. Every remaining high update increases f by at least D /2, so
its total forward gain is at most 2(A + E). The sharp charge bounds every state by M, and exact

accounting gives ||¢;||3 < ||7i"||1D. This proves the squared-path budget Q.

It remains to certify all blocks at one profile. Immediately after block ¢ updates, its gap against the
gradient used for that update is at most ||¢; x||2. Later blocks in the same cycle move the profile by



at most 2v/m.S}, /6. Smoothness and the /2 Lipschitz constant of a simplex gap with respect to its
utility vector yield

Gapy (2¥) < Crv/Sk. (32)
Averaging the squared-path budget proves equation 31. Summability gives convergence. Ap-
pendix C supplies every step and the origin cases. Unlike earlier product bounds, Theorem 5 neither

uses lazy updates nor prescribes a large initialization. The trajectory-dependent ¢ affects constants
but not the algorithm or the € exponent.

4 CONSTANT REGRET AND FAST NASH CONVERGENCE IN POTENTIAL
GAMES

Consider a finite n-player exact potential game (Monderer & Shapley, 1996). Player ¢ has m; > 2
actions, expected utility U;, and utility vector u;(z_,;) € R™:. The multilinear extension ¢ of the
potential satisfies, for every unilateral mixed deviation,

Oz, x_;) — P(wy,v_y) = (o) — 2, ui(x_4)). (33)

Let Ag = max, ®(z)—min, ®(z). Under alternating RM+, players activate sequentially in a fixed
cyclic order and observe their current full-information utility vector.

Theorem 6 (Constant regret in exact potential games). For any nonnegative initial states and every
horizon, alternating RM+ satisfies for each player 1

Reg; v < |Irirll2 < [lrioll2 + vVmi — 1 Ag, (34)
il < vVmillriollz + vVmi(m; — 1) Ag =: B;. (35)

Thus the regret of standard zero-initialized RM+ is uniformly bounded by \/m; — 1As.

Proof. Atevery activation, equation 33 identifies the player’s D, with the realized potential increase.
Lemma 1 makes every such increase nonnegative. Across all players and all cycles, these increases
telescope to at most Ag. Apply Theorem 2 to the subsequence of activations of player 4, then use

7l < v/mil[rl2- O

This rules out Q(\/T) regret for alternating RM+ and resolves the open question posed by Anagnos-
tides et al. (2026b). The bound holds pathwise and at every horizon. It also converts their regret-
parameterized Nash analysis into the faster rate suggested there. For a profile z, let BRGap,(z) =
maxy,en,,, Ui(Yi, ©—i) —Ui(z). The same accounting gives a finite gap budget along ordinary play.

Corollary 7 (Summable activation gaps). At activation t, let i; be the active player, let x* be the
profile then observed, and set v, = BRGap;, (2?). Alternating RM+ satisfies

2
> R <A (36)

1<t<T: B;, >0 '

Players with B; = 0 have zero activation gap. Thus ), 72 < BAg, the best of the first T activation
gaps is at most \/ BAg /T, and ~; — 0.

Proof. The coordinate of ¢; attaining the best-response gap equals 7z, S0 ||g¢||2 > 7:- When B;, > 0,
Lemma 1 and ||r;, 4|1 < B;, give Dy > ~2/B;,. If B; = 0, then the state stays zero and the
utility vector is constant across that player’s actions, so 7; = 0. Sum and telescope the potential
increases. O

The gaps in Corollary 7 are evaluated at different asynchronous profiles. They do not by themselves
certify one joint approximate Nash profile. Lazy play supplies such a certificate without an instance-
specific constant.

Fix € > 0. In e-lazy alternating RM+, a player updates only when its current best-response gap
exceeds e. The procedure stops after a full cycle with no update.



Theorem 8 (Fast lazy Nash computation). Let B = max; B;. An e-lazy alternating RM+ run
reaches an e-Nash equilibrium within
BAg

1+ 2

(37)

full cycles. With zero initialization and m = max; m;, this is at most

— 2
m —Wb , (38)

Proof. Atan actual update, the positive coordinate of g, attaining the best-response gap is unchanged
by clipping, so ||¢:||2 > BRGap,(x). Lemma 1 and equation 35 give

leld &
> —. 39
I~ B 59

O(z") = (z) = Dy >

Every nonterminal cycle contains such an update. More than BAg /e? nonterminal cycles would
exceed the potential range. A no-update cycle certifies all players’ gaps at the same profile. O

The threshold in Theorem 8 must be supplied. A target-free certified version uses phases €, = 27,
Run lazy cycles until one full cycle has no update, save that profile, halve the threshold, and continue
without resetting the states. Through the first ¢;, certificate, the total number of nonterminal cycles
is at most

k
4BA

BAwY 7 < =57, (40)
=0 k

plus one certification cycle per phase. The algorithm never needs the eventual target and always
retains its last certified profile.

Ordinary non-lazy cyclic RM+ is already target-free. For the explicit rate below, scale all utili-
ties and the exact potential together so that the range across a player’s actions is at most one at
every pure opponent-action profile. Substituting the constant state bound into the two-consecutive-
small-movements argument of Anagnostides et al. (2026b) changes its exponent from four to two.
Appendix D proves the following explicit statement.

Theorem 9 (Ordinary cyclic RM+). Suppose the range across own actions is at most one at every
pure opponent-action profile, and let 0 < € < 1. Let m = max; m; and B = max; B;. Define ¢ as
the minimum of one, every positive initial state norm, and every first positive state norm of a player
initialized at zero, ignoring players whose states remain zero forever. Ordinary cyclic RM+ reaches
an e-Nash profile within
25BAgsn’m
2 [5 52:)2 W (41)

cycles. Moreover, the Nash gap of the actual cycle-end iterates tends to zero.

The § dependence comes only from converting state motion into strategy motion. The phased lazy
procedure avoids it and has an observable stopping certificate. The ordinary result instead analyzes
the unchanged always-update dynamics.

5 DISCUSSION AND LIMITATIONS

The conservation law explains why the adversarial regret envelope can be loose on endogenous
paths. Forward gain both measures normalized-strategy improvement and finances unnormalized-
state growth. A bounded objective therefore supplies an implicit lower bound on RM+’s effective
learning rate.

The product theorem requires cyclic updates because simultaneous gains need not decompose into
objective changes. Its constant depends on the smallest first-positive state norm §, which can be
arbitrarily small, although the one-simplex theorem is d-free. RM without per-round truncation
also lacks the orthant identity. These boundaries agree with known instability outside potential
structure (Farina et al., 2023; Cai et al., 2025; Anagnostides et al., 2026b).



Appendix E extends the charge to approximate potentials and perturbed ascent paths. Stochastic and
bandit feedback remain open for RM+ because noise can make realized forward charge signed. Cal-
ibrated stochastic Frank—Wolfe methods provide complementary equilibrium and regret guarantees
under bandit feedback (Dong et al., 2024).
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A  FULL DETAILS FOR THE CONSERVATION LAW

We first justify all zero-state cases in Lemma 1. If ;1 # 0, then (r¢—1,q:) > 0,s0 Ry > R;—1 > 0.
Thus a transition into the origin is impossible. If both states are zero, the two sides of equation 8
vanish under the convention z;;; = z;. A transition from the origin to a nonzero state has r, =
[9¢],.. If r; had full support, then every coordinate of g; would be positive, contradicting (xy, g;) =
0. Therefore its support has size at most m — 1, which is precisely the first case in the proof of
Theorem 2.

For completeness, we supply the elementary inequality used in the full-support case. Let y € R’
satisfy ||y|l2 = 1 and put a = min; y[5]. Choose a coordinate attaining a. Then

[yl <a+vm—-1V1-a?<a+Vm—-1<Vm—1(1+a). (42)
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If y is the normalized new state and z is the old state divided by the new norm, the no-clipping
relation (z,y — z) = 0 yields (y, 2) = ||z]|3 = p?. Since all coordinates of y are at least a,

p? = (y,2) > alz||; > ap. (43)

When p > 0, this gives p > a. The case p = 0 cannot have full support, as shown above. This
completes the proof without genericity assumptions.

The standard adversarial inequality quoted in Corollary 3 follows from projection onto the positive
orthant:

R? = Irec1 + gl 113 < llre1 + 9613 = R7 1 + llgell3, (44)
where (r;—1, g;) = 0. Telescoping and Reg; < Ry give the claim.

B AUXILIARY SMOOTH-OPTIMIZATION BOUNDS

We prove equation 23. For nonzero 7,7’ € R’} with sums s, s’, normalizing and adding an interme-

diate term gives
1 1
<|r—7"| (+,). (45)
1 s s

Under equation 17, every coordinate of g; lies in [-G, G]. A clipped decrement ¢;[a] = —7_1[a]
can occur only when r;_1[a] < G, 50 ||¢t]|0 < G. Hence |s; — s;—1| < mG. A transition from the
origin has R; = || [gt]+ ll2 < +/mG < H, so any update with R; > H has s;_1 > 0. If s; > 2mG,

then s;_1 > s:/2. Applying equation 45, ||g|l1 < v/m|qtll2, and || - |2 < || - ||1 gives

ror
;_7/

9Im
241 — 23 < pe llgell3. (46)
t
If also s; > 9m L, then
L o _ llall3 _ Di
= _ < < 47
QH»TtH 7l < 25 = 2 (47)

where the last inequality is Lemma 1. Since s; > Rq, the condition R; > H implies both required
lower bounds.

It remains to justify the pre-threshold KKT charge. The positive coordinate of g; that attains equa-
tion 16 is never clipped, so ||¢:||2 > Gap(z;). From the proof of Lemma 1,

R} — R} | > |¢:|l3 > Gap(x)?. (48)

Summing over indices before the first crossing of H gives a total below H?2.

C PROOF OF THE PRODUCT-SIMPLEX THEOREM

We prove Theorem 5 for every finite prefix. All bounds then pass to the infinite path. Write R; =
l7:|l2 and s; = ||r;||1 immediately before an activation, and add a superscript + for the post-update
quantities. Lemma 1 applies blockwise and gives

(R)? = R: > laill3, 257 Di = (R)” = R? + |laill3- (49)
In particular, each R; is nondecreasing, D; > 0, and ||¢; |3 < stl

We first account for low updates. For a fixed block, they form an initial prefix because R; is nonde-
creasing. Telescoping the first inequality in equation 49 over this prefix gives

> laill3 < HE. (50)
low updates of ¢
Every update, low or high, also satisfies

m;

0

2
2] — 22 < lgill2- (51)
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If both states are positive, this follows from equation 45, s;,s; > 6, and |¢:|l1 < /m|gill2- If
an update leaves the origin, then ¢; = 7", ||¢;||l2 > J, and the Euclidean diameter of the simplex

is v/2 < 2,/m;. An update that remains at the origin does not move its retained fallback strategy.
Combining equation 50 and equation 51,

4 4A
Dol — il < 55 domil} = (52)

low
For any block update, smoothness gives
L
Fa®) = f@) = Di = Sl = aill3, (53)
Thus the sum of objective changes over low updates is at least —F. If an update is high, the block-

wise calculation in Appendix B applies with m; and the common bounds G, L. A transition from
the origin cannot be high because ||[g;]+ |2 < /m;G < H;. Therefore

f@®) = f(x) = Di/2 (54)
on every high update. Telescoping all objective changes and using the range of f yields

ZDZ» <2(A; + E). (55)

high

If block ¢ never becomes high, its norm remains below H; < M;. Otherwise, immediately before
its first high update its norm is at most J;. All of its later updates are high. Applying Theorem 2 to
that suffix and then equation 55 gives

Ri<Ji+vVmi=1 Y Di<M,. (56)
high updates of 7

For high updates, equation 49 and equation 56 imply

lgill3 < siD; < /m;M;D; < WD,;. (57
Combining this with equation 50 and equation 55 proves
DSk => llaxl3 <Y H +2W(Af+ E) = Q. (58)
k>1 ik i

We finally transfer activation gaps to a cycle endpoint. Let z; ;, and y; j be the profiles immediately
before and after block ¢ updates in cycle k. Its activation gap +y;  is at most ||g; x||2: a coordi-
nate attaining the nonnegative maximum of g; is not clipped and has state increment equal to ; .
Moreover,

max Vif(zig)lal — ((Yix)i Vif (zik)) = Yik — Dike < l1¢ikll2- (59)

For fixed p € A,,,, the function u — max, u[a] — (p, u) is v/2-Lipschitz in Euclidean norm because
llea — pll2 < V2. Block i does not move again before the endpoint 2*. By equation 51 and the
disjointness of block coordinates,

dm 4m
12" = will3 < =3 D llasel3 < 5 Sk (60)
j>i
Smoothness and equation 59 therefore show that the block-i endpoint gap is at most

2v2mL
i ell2 + T\/S?. 61)

Summing over blocks and using >, [|¢; k]2 < +/nSk proves equation 32. Among the first K
cycles, equation 58 supplies one with S; < Q/K, proving the finite-time claim. It also implies
S — 0, which proves convergence of the actual cycle-end gaps.
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D ORDINARY ALTERNATING RM+

We prove Theorem 9 by making the substitution into the argument of Anagnostides et al. (2026b)
explicit. Index full cycles by ¢. Let g; ; be player ¢’s state increment at its activation during cycle ¢.
Lemma 1, equation 33, and ||7; +||1 < B give

ZZ lgiell3 < BZDi,t < BAs. (62)

t>1 i=1 ti
Among the first 2K cycles, one disjoint adjacent pair 2k — 1, 2k therefore satisfies
BAg
Z(qu',%—ﬂ\% + llgi2kl3) < i (63)

Choose K = [25BAgn?m/(5%€?)]. Every state increment in the pair then has norm at most
de

"= S

At a player’s activation, its best-response gap against the utility vector observed then is at most
lgitlloo < m. A positive state norm is at least d, so equation 45 yields a within-activation strategy
movement at most 2,/mn/¢ in ¢;. A player at the origin either has ¢;; = 0 and does not move,
or its first positive update has norm at least 4. The latter is impossible in the selected pair because
1 < d. Thus the same movement bound covers every activation in the pair.

(64)

The player’s own update cannot increase its gap against the opponents observed at activation because
D, > 0. For a fixed own mixed action, the best-response gap changes by at most twice the ¢;
change in the opponents’ product distribution because every pure payoff difference lies in [—1, 1].
The opponents move by at most 2n+/mn/§ in total during a cycle. Multiplying this movement by
the gap’s factor two gives the transfer cost 4n+/mn/d. Therefore every player’s gap at the end of
the second selected cycle is at most

0+ 4n\§ﬁn < 5n\gﬁn _

€, (65)

where § < 1 by definition. This proves equation 41. The case with no positive state is already
stationary.

For the asymptotic statement, equation 62 implies ¢; ; — O for every player. Equation equation 45
and the positive state lower bound imply that every within-cycle strategy movement tends to zero.
A state that remains at the origin does not move. Each activation-time best-response gap is at most
|lgi.|| o and also tends to zero. Multilinearity and continuity transfer these gaps to the end-of-cycle
profile, so its Nash gap converges to zero.

E GAIN DOMINANCE AND APPROXIMATE POTENTIALS

The game proof uses only an upper bound on cumulative forward gain. The following form records
the robust principle.

Proposition 10 (Approximate gain dominance). Suppose an RM+ utility path admits a scalar se-
quence Vy and errors ey > 0 such that

Dt < \I/t — \Ijt_l + e (66)
for every t. Then

T
Regy < Ry + vm — 1 (qu R et> . (67)

t=1
Proof. Sum the assumed inequalities and apply Theorem 2. O

For example, if unilateral utility improvement differs from the increment of an approximate potential
by at most ; at activation ¢, take e; = (;. Bounded cumulative approximation error preserves con-
stant regret. A uniform per-update error ¢ yields O(1 + ¢(T') regret, so average regret approaches an
O(¢) floor. This statement deliberately measures realized mixed deviations. Translating a particular
pure-deviation definition of approximate potential into ; may introduce an additional constant.
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