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Abstract

Online algorithm configuration needs a local
guarantee that a random transition boundary
does not cross a short parameter interval. Ex-
isting polynomial bounds assume a bounded
joint coefficient density and are quadratic
in the degree. Recent work asks for natu-
ral necessary and sufficient coefficient condi-
tions, polynomial guarantees under indepen-
dent bounded marginals, and a normalization
for Pfaffian boundaries. We address these
questions through coefficient flux. For an
affine boundary a(t) + ⟨X,u(t)⟩ = 0 with
∥u(t)∥2 = 1, we identify two Radon quan-
tities, a slice density and a tangential first
moment. Their maximum is exactly the best
root-hitting constant uniform over all nor-
malized affine boundaries. If the coefficient
law is dominated by an isotropic log-concave
law, both quantities are universally bounded.
This gives a dimension-free bound controlled
only by the total variation of a and the spher-
ical length of u. For monic degree-d poly-
nomials, the resulting joint-density bound is
linear rather than quadratic in d. For inde-
pendent coefficients with marginal densities
at most κ and support radius R, a Rogozin–
Ball argument gives O(κRd3/2), and we con-
struct product laws attaining this rate. Con-
sequently, online losses with random monic
transitions have sharp dispersion coefficient
Θ(κRd3/2) and Õ(

√
T ) regret. Marginal den-

sity without independence can force a deter-
ministic root. Finally, the normalized feature
curve F/∥F∥2 supplies a sufficient Pfaffian
normalization and yields general dispersion
and regret bounds. For exponential-kernel
graph learning, the previously hidden condi-
tioning is exactly controlled by the exponent
range.

1 Introduction

Many data-driven algorithm families have perfor-
mance functions that are smooth except across tran-
sition boundaries. Examples include changes in a clus-
tering merge, an active set, or a graph prediction. In
online algorithm configuration, concentration of these
boundaries determines whether the best parameter in
hindsight can be learned with sublinear regret (Balcan
et al., 2018, 2020, 2025).

A recent invited open problem isolates the missing
probabilistic step (Balcan et al., 2026). Let

Pα(t) = td +

d−1∑
i=0

αit
i, α ∈ [−R,R]d.

If the joint density is at most κ, the known guarantee
for every interval I is

P{Pα has a root in I} ≤ A

{
d

2R
+
d(d− 1)

4

}
|I|,

A = κ(2R)d. (1)

The open questions ask which coefficient laws admit
a finite or polynomial constant, whether independent
bounded marginal densities give a polynomial bound
without passing through an exponential product den-
sity, and what normalization extends the result to Pfaf-
fian feature vectors.

We give an exact answer for unrestricted normal-
ized affine families, settle the requested independent-
coordinate polynomial rate, and prove the proposed
Pfaffian normalization sufficient. The correct geomet-
ric object is not the raw feature derivative. It is the
motion of the affine hyperplane after whitening the co-
efficient law and normalizing the feature vector. Write

hX(t) = a(t) + ⟨X,u(t)⟩, u(t) ∈ SN−1. (2)

The event that (2) has a root is the event that X be-
longs to a set swept out by affine hyperplanes. Its prob-
ability is controlled by two fluxes: mass crossing under
normal translation and mass crossing under rotation.
We prove that these two fluxes are also necessary for
a theorem uniform over all normalized boundaries.



This characterization turns distributional assumptions
into root bounds. Domination by an isotropic log-
concave law controls both fluxes in every dimension.
Domination is broad enough to include an arbitrary
density bounded on a cube, after comparison with the
uniform law. Independence permits a different route.
The sharp density bound for a normalized sum of in-
dependent bounded-density variables (Rudelson and
Vershynin, 2015) combines with bounded support and
a midpoint argument.

Our main consequences are as follows.

• For arbitrary dependence and joint density at
most κ on [−R,R]d, we replace (1) by

CA

(
d− 1 +

√
3d

R

)
|I|.

The leading degree dependence improves from d2

to d. The same linear rate is necessary in the
log-concave model, already for iid Gaussian coef-
ficients.

• For independent coordinates with marginal densi-
ties at most κ, we obtain

√
2d κ{1 +R(d− 1)}|I|.

This is polynomial in d,R, κ. A matching con-
struction proves that the leading κRd3/2 rate can-
not be improved for this distribution class.

• For a nonvanishing feature vector F , bounded
spherical speed of F/∥F∥2 is sufficient for root
anti-concentration. This verifies the normaliza-
tion conjectured for Pfaffian boundaries. Control-
ling that speed from formal Pfaffian complexity
remains application-specific.

• For one-dimensional online losses whose transi-
tions are random monic polynomials, the disper-
sion coefficient is Θ(κRd3/2). Continuous expo-
nential weights therefore has Õ(KκRd3/2

√
T ) re-

gret for fixed Lipschitz and domain parameters.
A matching construction makes the degree depen-
dence sharp. For exponential-kernel graph learn-
ing, we explicitly bound the feature conditioning
by half the exponent range. The general Pfaffian
result retains explicit feature conditioning.

The flux identity itself has classical roots. Edelman
and Kostlan (1995) derive the homogeneous arbitrary-
density expected-zero intensity from spherical hyper-
plane sweeps. In that homogeneous setting, our up-
per integrand is the same classical first-moment ob-
ject followed by hit probability at most expected

count. We do not claim that step as new. Coarea
and Kac–Rice formulas give related identities for poly-
nomial zero counts (Götze et al., 2018; Feliu and
Sadeghimanesh, 2022). Our contributions are the
affine translation–rotation decomposition, exact ne-
cessity for every normalized boundary, rough-density
and distribution-class criteria, sharp finite-degree con-
sequences, and the resulting online guarantees.

2 Coefficient Flux

Let X have density f on RN . Write dHu(x) for
dHN−1(x) on the slice ⟨u, x⟩ = s. For u, v ∈ SN−1,
define

R0(f) = sup
u∈SN−1

ess sup
s∈R

∫
⟨u,x⟩=s

f(x) dHu(x), (3)

R1(f) = sup
u,v∈SN−1

u⊥v

ess sup
s∈R

∫
⟨u,x⟩=s

|⟨v, x⟩|f(x) dHu(x).

(4)

For N = 1, set R1(f) = 0. Every absolutely con-
tinuous curve in S0 is constant, so there is no rota-
tional term. The inner integrals are almost-everywhere
Radon derivatives. Essential suprema therefore make
the definitions invariant to the version of f . Equiva-
lently, they are the supremal probability and weighted-
moment ratios over slabs of positive width. This
operational form also fixes exceptional Radon slices.
The first quantity is the largest density of a one-
dimensional projection. The second is its tangential
first-moment analogue. More explicitly, if J ranges
over bounded intervals of positive length, then

R0(f) = sup
u,J

P{⟨u,X⟩ ∈ J}
|J |

, (5)

R1(f) = sup
u⊥v,J

E[|⟨v,X⟩|1{⟨u,X⟩ ∈ J}]
|J |

. (6)

These formulas are often easier to verify than the
Radon definitions.

For a compact interval I and absolutely continuous
a : I → R and u : I → SN−1, let TVI(a) =

∫
I
|a′(t)|dt

and LenI(u) =
∫
I
∥u′(t)∥2dt. Write

AI(a, u) = {x : ∃t ∈ I, a(t) + ⟨x, u(t)⟩ = 0}.

Theorem 1 (Affine flux bound). For every coefficient
density f and normalized absolutely continuous bound-
ary (a, u),

P{X ∈ AI(a, u)} ≤ R0(f)TVI(a) +R1(f) LenI(u).
(7)

Moreover, define the universal root constant

Cuniv(f) = sup
I,a,u

P{X ∈ AI(a, u)}
TVI(a) + LenI(u)

,



where zero denominators are omitted. Then

Cuniv(f) = max{R0(f),R1(f)}. (8)

Thus a finite linear bound for every normalized affine
boundary exists if and only if both fluxes are finite.

The proof uses the area formula rather than root count-
ing. Let Ht = {x : ⟨x, u(t)⟩ = −a(t)}. An absolutely
continuous orthonormal frame Q(t) for u(t)⊥ parame-
terizes the sweep by

Φ(t, z) = −a(t)u(t) +Q(t)z.

Its N -dimensional Jacobian is

JΦ(t, z) = |a′(t) + ⟨u′(t),Φ(t, z)⟩|.

Discarding multiplicity in the area formula yields

P{X ∈ AI(a, u)} ≤
∫
I

∫
Ht

|a′(t) + ⟨u′(t), x⟩|

f(x) dHN−1(x)dt.
(9)

Equation (7) follows by writing u′ = ∥u′∥v with v ⊥ u.
For necessity, translated parallel hyperplanes recover
(29) exactly. For orthogonal u, v, take uθ = u cos θ +
v sin θ and a(θ) = −s. If Y = ⟨u,X⟩ and Z = ⟨v,X⟩,
averaging the root probability over s in an interval J ,
dividing by h|J |, and sending h ↓ 0 gives

E[|Z|1{Y ∈ J}]
|J |

.

Thus infinitesimal great-circle rotations recover the
slab form of (4). Truncation and dominated-
convergence details are in the supplement.

Theorem 1 avoids a bound on the number of roots
and does not require simple roots. For a restricted fea-
ture family, (7) uses only the directions and tangents
reached by that family. Necessity holds for every trans-
lated or rotational subfamily it contains.

The Gaussian case makes the two roles transparent.
Corollary 2 (Exact Gaussian constants). If X ∼
N (0, IN ), then every normalized affine boundary sat-
isfies

P{X ∈ AI(a, u)} ≤ TVI(a)√
2π

+
LenI(u)

π
. (10)

Both coefficients are sharp, and Cuniv = 1/
√
2π. For

homogeneous boundaries, the sharp constant is 1/π.

Indeed, orthogonal Gaussian projections Y, Z are inde-
pendent. Hence pu(s) = (2π)−1/2e−s2/2 and ru,v(s) =

pu(s)E|Z| = π−1e−s2/2. The claim follows from The-
orem 1 and its translation and rotation constructions.

The homogeneous statement recovers the local content
of the spherical-length formula of Edelman and Kost-
lan (1995), now as a hit-probability bound.

The tangential flux is genuinely separate from ordi-
nary projection anti-concentration. Let X = (Y, Z)
with Y uniform on [−1, 1] and Z an independent stan-
dard Cauchy variable. Every unit projection has a uni-
formly bounded density. Indeed, convolution bounds
its density by the smaller of the rescaled uniform and
Cauchy density bounds. Hence R0(f) < ∞. In con-
trast, for u = (1, 0) and v = (0, 1),

ru,v(s) = pY (s)E|Z| = ∞
for almost every s ∈ [−1, 1].

Thus bounded small-ball probabilities for fixed projec-
tions do not control rotating boundaries. The quantity
R1 is necessary even in dimension two.

3 Log-Concave Domination

The exact criterion becomes useful when its two Radon
quantities can be controlled. A probability law µ is A-
dominated by ν if dµ/dν ≤ A almost everywhere.
Lemma 3 (Log-concave flux). There is a universal
C <∞ such that every isotropic log-concave density g
on RN satisfies

R0(g) ≤ C, R1(g) ≤ C.

Only two-dimensional marginals are needed. For or-
thogonal u, v, the density of (⟨X,u⟩, ⟨X, v⟩) is isotropic
and log-concave. A fixed-dimensional envelope gives
gu,v(y, z) ≤ C1e

−c1
√

y2+z2 by the two-dimensional
case of Lemma 2 in Balcan and Long (2013), based on
Lovász and Vempala (2007). Integrating in z controls
both the slice mass and its first tangential moment.
The constants do not depend on N .
Theorem 4 (Dominated reference law). Let ν be log-
concave with mean m and positive covariance Σ. Sup-
pose the coefficient law µ is A-dominated by ν. For
absolutely continuous ψ : I → R and F : I → RN with
F (t) ̸= 0, let

ϕα(t) = ψ(t) + ⟨α, F (t)⟩,

define

q(t) = ∥Σ1/2F (t)∥2, u(t) =
Σ1/2F (t)

q(t)
,

a(t) =
ψ(t) + ⟨m,F (t)⟩

q(t)
. (11)

Then for every interval I,

P{∃t ∈ I : ϕα(t) = 0} ≤ CA{TVI(a)+LenI(u)}. (12)



This is coordinate-free. It remains valid for nonsmooth
coefficient densities and arbitrary dependence. The
reference law supplies the geometry, while A measures
the allowed departure from it.

The normalization has two useful invariances. An in-
vertible affine change of coefficient coordinates is ab-
sorbed by m and Σ. Also, multiplying both F and
ψ by a positive scalar function changes neither a nor
u. A locally nonzero scalar changes both only by its lo-
cally constant sign. In the centered homogeneous case,
the pointwise speed is

∥u′(t)∥2 =
∥(I − u(t)u(t)⊤)Σ1/2F ′(t)∥2

q(t)
. (13)

This is the component of feature motion that rotates
the decision hyperplane. Radial growth of F is irrel-
evant, which is why a raw bound on ∥F ′∥ is not the
right condition.

3.1 Bounded joint density on a cube

Suppose µ is supported on [−R,R]N and has density at
most κ. It is A = κ(2R)N dominated by the uniform
law on the cube, whose covariance is (R2/3)I. Put
ψ̂ = ψ/∥F∥2 and F̂ = F/∥F∥2. Theorem 4 gives

P{ϕα has a zero in I} ≤ CA

{√
3

R
TVI(ψ̂)

+LenI(F̂ )
}
.

(14)

There is no explicit dimension or support-radius
penalty beyond the normalized density A and affine
offset. In the homogeneous case ψ = 0, spherical fea-
ture length is the only conditioning quantity.
Corollary 5 (Normalized Pfaffian boundary). Let
F = (F1, . . . , FN ) be a nonvanishing Pfaffian feature
vector on an interval J . Under the cube law above, if
F/∥F∥2 is LF -Lipschitz, then

P{∃t ∈ I : ⟨α, F (t)⟩ = 0} ≤ CALF |I|

for every I ⊆ J .

This proves that the normalized Lipschitz condition
proposed by Balcan et al. (2026) is sufficient. Pfaf-
fian complexity is relevant for bounding LF and the
path-hitting VC dimension, but not for the anti-
concentration step itself.

4 Independent Marginals

Domination by the uniform cube can be expensive for
product laws because A ≤ (2Rκ)N . Independence in-
stead gives direct projection anti-concentration.

Theorem 6 (Independent coefficients). Suppose
α1, . . . , αN are independent, supported on [−R,R],
and have densities at most κ. Let a : I → R and
u : I → SN−1 be La- and Lu-Lipschitz. Then

P{∃t ∈ I : a(t) + ⟨α, u(t)⟩ = 0}

≤
√
2κ(La +R

√
NLu)|I|. (15)

The density of every unit projection of α is at most√
2κ by the sharp Rogozin–Ball comparison (Rudelson

and Vershynin, 2015). If a root occurs, evaluating the
boundary at the midpoint of I places that fixed projec-
tion in an interval of width at most (La+R

√
NLu)|I|.

This proves (15) without Kac–Rice regularity.

Neither independence nor a projection condition can
be omitted. Let r = 1/4, draw Z ∼ Unif[−1/4, 1/4],
and set

α1 = Z, α0 = −r2 − rZ.

Both marginals have bounded densities and support,
but t2 + α1t + α0 has the root r almost surely. Thus
coordinatewise marginal bounds alone permit an atom
in the root distribution.

5 Sharp Polynomial Bounds

For the monic polynomial, set

F (t) = (1, t, . . . , td−1), u(t) =
F (t)

∥F (t)∥2
,

a0(t) =
td

∥F (t)∥2
.

Lemma 7 (Monomial conditioning). Globally on R,

Lip(u) ≤ d− 1, Lip(a0) ≤
√
d.

The first inequality follows by projecting F ′ orthogo-
nally to F . For the second, on [0, 1] monotonicity gives
a′0 ≤ dtd−1/∥F∥2 ≤

√
d. For t ≥ 1, let y = t−2 and

Q(y) = 1 + · · ·+ yd−1. Then

a′0(t) =

∑d−1
j=0(j + 1)yj

Q(y)3/2
≤
√
Q(y) ≤

√
d,

because the first d coefficients of Q2 are j + 1. Sym-
metry handles negative t.
Corollary 8 (Monic polynomials). For coefficients
supported on [−R,R]d with joint density at most κ,
write A = κ(2R)d. Then

P{Pα has a root in I} ≤ CA

(
d− 1 +

√
3d

R

)
|I|.

(16)



If the coordinates are independent and each marginal
density is at most κ, then

P{Pα has a root in I} ≤
√
2d κ{1+R(d−1)}|I|. (17)

Equation (16) improves the leading d2 dependence in
(1) to d. Equation (17) answers the polynomial-bound
part of Open Question 1 without an exponentially
large joint density. The next result shows that its lead-
ing rate is minimax sharp.

First, the linear degree in the log-concave result cannot
be improved.
Proposition 9 (Gaussian monic lower bound). Let
α0, . . . , αd−1 be iid standard Gaussian and d ≥ 2. Let
Hϵ denote the event that Pα has a root in [1, 1 + ϵ].
Then

lim
ϵ↓0

P(Hϵ)

ϵ
≥ e−1/(2d)

√
d2 − 1

π
√
12

. (18)

In particular, the local root constant is Ω(d).

To see the scale, (Pα(1), P
′
α(1)) is jointly Gaussian.

Given Pα(1) = 0, the derivative has mean (d + 1)/2
and variance d(d2 − 1)/12. The Kac–Rice density and
E|N (m,σ2)| ≥ σ

√
2/π give (18). The supplement jus-

tifies the passage from root intensity to local hit prob-
ability.
Theorem 10 (Product-law lower bound). There are
universal c, c′ > 0 such that for every even d ≥ 4, R ≥
1, and κR ≥ 4, one can choose independent coefficient
laws supported on [−R,R], each with density κ, for
which

P{Pα has a root in [1, 1 + ϵ]} ≥ cκRd3/2ϵ (19)

for all sufficiently small ϵ ≤ c′/d.

The construction shifts the lower half of the coefficients
near −R/2 and the upper half near R/2. At t = 1, the
polynomial value is a centered sum of d uniform noises,
with density Ω(κ/

√
d) at zero. Its derivative has de-

terministic size Ω(Rd2). A one-sided value interval
therefore forces a crossing with probability Ω(κRd3/2ϵ).
The proof is direct and does not infer a hit probability
from an expected root count.

Here is the quantitative core. Let d be even, M = R/2,
and δ = (2κ)−1. Center coefficients with indices below
d/2 at −M − 1/d and the rest at M − 1/d, then add
independent Unif[−δ, δ] noises ξi. The assumptions
place every coefficient in [−R,R]. At one,

Pα(1) = S :=

d−1∑
i=0

ξi,

P ′
α(1) =

Md2

4
+
d+ 1

2
+

d−1∑
i=0

iξi ≥
Rd2

16
.

The symmetric unimodal density qd of S obeys qd(0) ≥
3
√
3/(16δ

√
d). For sufficiently small ϵ, a negative in-

terval of width Θ(Rd2ϵ) for S forces a crossing before
1 + ϵ. Multiplying width by density gives (19). The
supplement controls the derivative throughout the in-
terval and verifies the support constants.

Linear spherical-speed dependence is also unavoidable.
If Q(t) = α0 + α1t

d with iid Unif[−1, 1] coefficients,
direct integration gives, for q = (1 + ϵ)d,

P{Q has a root in [1, 1 + ϵ]} =
q − 1

4q
,

lim
ϵ↓0

P(root)
ϵ

=
d

4
. (20)

6 Sharp Online Polynomial Dispersion

The independent-coordinate bound gives a complete
online consequence without an unspecified feature
condition. Recall that losses ℓ1, . . . , ℓT are f -point-
dispersed when

E max
ρ,ρ′

∥ρ−ρ′∥2≤ϵ

∣∣{t : |ℓt(ρ)− ℓt(ρ
′)| > L∥ρ− ρ′∥2}

∣∣
≤ f(T, ϵ). (21)

Corollary 11 (Sharp polynomial dispersion). Let
Θ ⊂ R be a compact interval. In each of T indepen-
dent rounds, suppose a [0, 1]-valued loss is piecewise
L-Lipschitz and its discontinuities lie among the roots
of at most K monic degree-d polynomials. Within each
polynomial, assume the d nonleading coefficients are
independent, supported on [−R,R], and have densities
at most κ. Put

Bd =
√
2d κ{1 +R(d− 1)}.

Then
f(T, ϵ) ≤ KBdTϵ+ Õd,K(

√
T ). (22)

In the full-information setting, on a domain of radius
D with an r0-interior comparator, continuous exponen-
tial weights has, for 0 < r ≤ r0, regret

O
(√

T log(D/r) + f(T, r) + TLr
)
. (23)

Thus r = T−1/2 gives

Õ
(
[1 + L+Kκ{

√
d+Rd3/2}]

√
T
)
.

Conversely, if Θ contains [1, 1 + c′/d], then for even
d ≥ 4, R ≥ 1, and κR ≥ 4, there are iid rounds with
K = 1 and piecewise-constant losses such that

f(T, ϵ) ≥ cκRd3/2Tϵ (24)

for all sufficiently small ϵ ≤ c′/d.



For a fixed interval of length ϵ, Corollary 8 and a
union bound give expected crossing count at most
KBdTϵ. The polynomial path-hitting VC bound of
Balcan et al. (2025) makes the interval uniform at addi-
tive Õd,K(

√
T ) cost, which proves (22). Equation (23)

is the dispersed continuous-exponential-weights theo-
rem of Balcan et al. (2018). For the lower bound, use
iid copies of Theorem 10 and set ℓα(ρ) = 1{Pα(ρ) ≥ 0}.
Its construction has Pα(1) < 0 ≤ Pα(1+ϵ) on the forc-
ing event used in the proof, whose probability has the
stated lower bound. The fixed pair (1, 1 + ϵ) there-
fore contributes the right side of (24) in expectation.
Hence the leading dispersion scale, not only the root
bound, is minimax sharp.

7 Beyond Polynomials and Online
Regret

For exponential features Fi(t) = cie
bit, write u =

F/∥F∥2 and wi = u2i . Differentiation gives

u′i = (bi − b̄)ui,

∥u′∥22 = Varw(b) ≤
(bmax − bmin)

2

4
.

Thus (14) yields a root constant CA(bmax − bmin)/2.
This makes explicit the dependence suppressed in the
earlier finite bound for random exponential sums (Bal-
can and Sharma, 2021). The same calculation applies
to any feature family through its normalized spherical
speed.

The calculation directly instantiates the Gaussian-
kernel graph family in Balcan and Sharma (2021). Its
label changes occur at roots of exponential polynomi-
als generated by the graph objective.
Corollary 12 (Exponential-kernel graph learn-
ing). Consider the one-parameter graph-based semi-
supervised losses of Balcan and Sharma (2021). Sup-
pose each round has at most K transition equations of
the form

N∑
i=1

αie
biρ = 0, bi ∈ [bmin, bmax],

and the coefficient vector in each equation is supported
on [−R,R]N with density at most κ. Let A = κ(2R)N ,
assume rounds are independent, and put B = bmax −
bmin. Then

f(T, ϵ) ≤ CAKB

2
Tϵ+ ÕN,K(

√
T ). (25)

In the full-information setting, continuous exponential
weights consequently has

Õ([1 + L+AKB]
√
T )

regret for fixed domain radius and interiority. For a
Gaussian graph kernel parameterized by ρ = σ−2, B
is the range of the exponents induced by the squared
graph distances. Thus the previously suppressed tran-
sition conditioning is an explicit instance quantity. If
the coordinates of every coefficient vector are instead
independent with marginal densities at most κ and sup-
port [−R,R], the factor CA/2 in (25) improves to
κR
√
N/2. The regret is then

Õ([1 + L+ κRKB
√
N ]

√
T ),

which is polynomial in every displayed parameter.

Indeed, the uniform cube is a log-concave reference and
the exponential feature calculation gives LenI(u) ≤
B|I|/2. A union bound over equations and the
one-dimensional path-hitting VC theorem prove (25).
The dispersed online-optimization theorem with r =
T−1/2 gives the regret statement. The independent-
coordinate version uses Theorem 6 with La = 0 and
Lu = B/2.

We state the online consequence in the notation of Bal-
can et al. (2025). Suppose each round has at most K
transition hypersurfaces of fixed Pfaffian degree, func-
tion degree, and common chain length. Along every
axis-aligned path segment s of length |s|, assume the
restriction of each whitened, normalized boundary sat-
isfies

TVs(a) + Lens(u) ≤ Γ|s|. (26)
Corollary 13 (Dispersion and regret). Assume
rounds are independent and every coefficient law is A-
dominated by its log-concave reference. In p parameter
dimensions, the sequence is f -point-dispersed with

f(T, ϵ) ≤ CAKΓ
√
p Tϵ+ Õ(

√
T ). (27)

For losses in [0, 1] that are piecewise L-Lipschitz on
a domain of radius D with an r0-interior comparator,
continuous exponential weights has regret, for 0 < r ≤
r0,

O
(√

pT log(D/r) + f(T, r) + TLr
)
. (28)

In particular, r = T−1/2 gives Õ(
√
T ) regret when the

displayed structural parameters are fixed.

A path joining two points at Euclidean distance ϵ has
at most p axis-aligned segments and total length at
most √pϵ. Let D(T, s) count rounds whose discontinu-
ity set meets such a path. For a fixed path, Theorem 4,
condition (26), and a union bound over K surfaces give

ED(T, s) ≤ CAKΓ
√
p Tϵ.

The Pfaffian path-hitting VC theorem of Balcan et al.
(2025) gives

E sup
s
D(T, s) ≤ sup

s
ED(T, s) + Õ(

√
T ),



where the suppressed constant depends on the fixed
Pfaffian complexities, p, and K. A Lipschitz violation
between two points implies a boundary crossing on
their path, so (21) now gives (27). Equation (28) is the
existing dispersed online-optimization theorem. Our
new input is the coefficient-to-crossing bound. The
same domination formulation is compatible with adap-
tive smoothed adversaries through existing coupling
reductions (Haghtalab et al., 2024).

8 Related Work and Scope

Expected zero counts for Gaussian and general coeffi-
cient laws have a long history. The spherical-length
formula of Edelman and Kostlan (1995) is the closest
geometric precursor to our homogeneous flux. Exact
correlation functions for independent continuous poly-
nomial coefficients follow from coarea (Götze et al.,
2018). Rice inequalities for independent random linear
combinations bound expected total zeros through coor-
dinate variation (Briquel and Bürgisser, 2020). Recent
work studies real zeros of fewnomials, sparse polynomi-
als, and Muntz polynomials (Bürgisser et al., 2019; Jin-
dal et al., 2020; Lubinsky and Pritsker, 2025). These
themes continue in concentration inequalities for Kac
and general random polynomials (Can and Nguyen,
2025; Aguirre et al., 2025a), dependent trigonomet-
ric coefficients (Angst et al., 2024), and root separa-
tion and noncentered fluctuations (Michelen and Yakir,
2025a; Do et al., 2026). Pending work refines the
nonuniversal constant in expected Kac root counts, ex-
pectation and variance for Weyl polynomials, and mi-
croscopic local universality (Lam and Nguyen, 2025;
Aguirre et al., 2025b; Michelen and Yakir, 2025b).
We read these results as complementary. The clos-
est local-location results establish a non-Poissonian
1/n real-root scale near the unit circle and 1/n hole
radii for Kac polynomials and derivatives (Michelen,
2021; Nguyen and Nguyen, 2024). They concern iid
asymptotic counts, correlations, separation, or hole
scales, not a finite-degree distribution-class constant
for the probability of any root in every interval. Ex-
pected counts can upper bound a hit probability, but
their assumptions and asymptotics differ from the lo-
cal coefficient-smoothness question here.

Nonlinear small-ball theory instead controls P{|g(X)−
z| ≤ ϵ} for a fixed polynomial map of random input.
Recent work gives dimension-free variance, small-ball,
and Fourier criteria under symmetric log-concave laws
(Glazer and Mikulincer, 2026). Those results do not
directly control the existential event that a coefficient-
linear family has a root somewhere along a moving
parameter interval.

Projection density is classical in probability. We use

the sharp consequence of Rogozin’s convolution the-
orem and Ball’s cube slicing theorem in the form
proved by Rudelson and Vershynin (2015). Log-
concavity supplies dimension-free two-dimensional en-
velopes (Lovász and Vempala, 2007). The novelty is
their use with normalized boundary geometry to ob-
tain the sharp polynomial root bounds and online con-
sequences.

Our bounds expose an unavoidable conditioning pa-
rameter. Formal Pfaffian degree alone cannot control
root concentration, as a rescaled linear feature already
shows (Balcan et al., 2026). Spherical speed is invari-
ant to scalar rescaling of F and measures exactly the
hyperplane motion that coefficients see. It may still be
large for an ill-conditioned feature family. Any appli-
cation must therefore bound Γ from its instance struc-
ture.

9 Conclusion

Coefficient flux gives an exact answer for universal
normalized affine boundaries and turns natural coef-
ficient models into sharp local root bounds. It settles
the requested independent-coordinate polynomial rate
and proves the proposed Pfaffian normalization suffi-
cient while explaining the remaining conditioning re-
quirement. The independent-coordinate theorem and
its online dispersion consequence are minimax sharp,
and the joint-density theorem removes a full factor of
degree from the prior polynomial guarantee. More
broadly, the result separates two tasks in online algo-
rithm configuration: probability controls hyperplane
flux, while problem geometry controls normalized fea-
ture length.
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A Pointers to the Supplement

The supplement proves the area formula and ex-
act flux characterization, log-concave domination, the

independent-marginal theorem, both monomial con-
ditioning inequalities, the matching product lower
bound, the exact two-term calculation, and the online
corollary.



B Radon Flux and the Area Formula

We first make the measure-theoretic convention in the main paper explicit. For orthogonal unit vectors u, v, let

pu(s) =

∫
⟨u,x⟩=s

f(x) dHN−1(x),

ru,v(s) =

∫
⟨u,x⟩=s

|⟨v, x⟩|f(x) dHN−1(x).

These are Radon derivatives defined for almost every s. We use

R0(f) = sup
u

∥pu∥∞, R1(f) = sup
u⊥v

∥ru,v∥∞.

This definition is independent of the representative of f . Equivalently,

R0(f) = sup
u,J

P{⟨u,X⟩ ∈ J}
|J |

, (29)

R1(f) = sup
u⊥v,J

E[|⟨v,X⟩|1{⟨u,X⟩ ∈ J}]
|J |

, (30)

where the suprema range over bounded intervals of positive length. These small-slab formulas also specify the
values when a Radon derivative has an exceptional representative.

We will first use the area formula for a smooth density, then remove this temporary regularity by mollification.
Let γϵ be the centered Gaussian density with covariance ϵ2I and let fϵ = f ∗ γϵ.
Lemma 14 (Flux-preserving mollification). For every ϵ > 0,

R0(fϵ) ≤ R0(f), R1(fϵ) ≤ R1(f) + ϵ
√
2/πR0(f).

Moreover, fϵ → f in L1(RN ).

Proof. Let X have density f , let G be an independent standard Gaussian, and fix orthogonal unit vectors u, v.
Put Y = ⟨u,X⟩ and Z = ⟨v,X⟩. The projection density of X+ϵG is the convolution of pu with a one-dimensional
Gaussian density φϵ. Hence its supremum is at most R0(f). Independence of the two Gaussian projections and
E|Z + ϵ⟨v,G⟩| ≤ |Z|+ ϵ

√
2/π give, pointwise in s,

r(ϵ)u,v(s) ≤ (ru,v ∗ φϵ)(s) + ϵ
√
2/π(pu ∗ φϵ)(s)

≤ R1(f) + ϵ
√
2/πR0(f).

Taking suprema proves the flux bounds. Gaussian kernels form an approximate identity, which proves L1 con-
vergence.

B.1 The swept-hyperplane inequality

Let I = [c, d]. Reparameterizing (a, u) by its accumulated variation gives a Lipschitz curve with the same sweep,
total variation, and spherical length. Choose an orthonormal basis e1(c), . . . , eN−1(c) of u(c)⊥ and extend it by
parallel transport

e′j(t) = −⟨u′(t), ej(t)⟩u(t). (31)

Differentiating inner products shows that the ej(t) remain orthonormal and perpendicular to u(t). If Q(t) has
these columns, the map

Φ(t, z) = −a(t)u(t) +Q(t)z

parameterizes the hyperplane Ht = {x : ⟨u(t), x⟩ = −a(t)}.



Lemma 15 (Sweep Jacobian). For almost every (t, z),

JΦ(t, z) = |a′(t) + ⟨u′(t),Φ(t, z)⟩|.

Consequently, ∫
∪t∈IHt

f(x) dx

≤
∫
I

∫
Ht

|a′(t) + ⟨u′(t), x⟩|f(x) dHN−1(x)dt. (32)

Proof. The z derivatives of Φ are the columns of Q. Equation (31) gives

∂tΦ = −(a′ + ⟨u′, Qz⟩)u− au′.

Only its component normal to the columns of Q contributes to the N -dimensional Jacobian. Since ⟨u′,Φ⟩ =
⟨u′, Qz⟩, the displayed formula follows. Apply the area formula on I × B(0,M) and let M increase. The area
formula counts image points with their multiplicity. Discarding multiplicity gives (32) by monotone convergence.

For u′(t) ̸= 0, put v(t) = u′(t)/∥u′(t)∥2. The identity ⟨u, u′⟩ = 0 implies v(t) ⊥ u(t). Lemma 15 and the triangle
inequality give

P{∃t ∈ I : a(t) + ⟨X,u(t)⟩ = 0}

≤ R0(f)

∫
I

|a′(t)|dt

+R1(f)

∫
I

∥u′(t)∥2dt.

For the smooth density fϵ, all Radon slices in the last display are the continuous convolution versions, so their
pointwise values are bounded by the fluxes. Lemma 14 therefore gives

Pfϵ{X ∈ AI(a, u)} ≤ R0(f)TVI(a) +R1(f) LenI(u)

+ ϵ
√
2/πR0(f) LenI(u).

The probabilities converge to the probability under f because fϵ → f in L1. Letting ϵ decrease to zero proves
the upper bound in the affine flux theorem for every density. If either flux is infinite the statement is immediate.

B.2 Sharpness of both fluxes

We next prove that neither term can be reduced for a theorem uniform over all normalized affine boundaries.

For any unit u, any s ∈ R, and any h > 0, take I = [0, h], u(t) = u, and a(t) = −(s + t). The boundary has a
root exactly when ⟨u,X⟩ ∈ [s, s+ h]. Its denominator is h. Taking the supremum in (29) proves

Cuniv(f) ≥ R0(f). (33)

For the rotational term, fix u ⊥ v and define

uθ = cos(θ)u+ sin(θ)v, a(θ) = −s, 0 ≤ θ ≤ h.

The spherical length is h. Let (Y, Z) = (⟨u,X⟩, ⟨v,X⟩) and write the root event as

Eh(s) = {∃θ ∈ [0, h] : Y cos θ + Z sin θ = s}.

We prove necessity directly from the slab form, without selecting a Radon representative. Fix a bounded interval
J and M <∞. Let EM

h (s) be Eh(s) intersected with {|Y | ≤M, |Z| ≤M}. Every offset s defines an admissible



boundary, so

Cuniv(f) ≥ sup
s

P(Eh(s))

h

≥ 1

h|J |

∫
J

P(EM
h (s))ds. (34)

For fixed (Y, Z), let
Sh(Y, Z) = {Y cos θ + Z sin θ : 0 ≤ θ ≤ h}.

This is an interval. Fubini’s theorem turns the last integral in (34) into

E
[
|Sh(Y, Z) ∩ J |1{|Y | ≤M, |Z| ≤M}

]
.

Except when Y is an endpoint of J , an event of probability zero, scalar differentiation at θ = 0 gives

lim
h↓0

|Sh(Y, Z) ∩ J |
h

= |Z|1{Y ∈ J}.

The ratio is at most |Y | + |Z| ≤ 2M , since the length of the image is at most the integral of the absolute
derivative. Dominated convergence in (34) yields

Cuniv(f) ≥
E[|Z|1{Y ∈ J, |Y | ≤M, |Z| ≤M}]

|J |
.

Letting M increase and then taking the supremum over J proves

Cuniv(f) ≥ R1(f). (35)

Together with the upper bound, (33) and (35) prove the exact identity in the affine flux theorem.

C Log-Concave Domination

Proof of the log-concave flux lemma. Every linear marginal of an isotropic log-concave law is isotropic and log-
concave. A one-dimensional isotropic log-concave density has universally bounded essential supremum. This
gives R0(g) ≤ C.

For u ⊥ v, let gu,v be the density of (⟨X,u⟩, ⟨X, v⟩). It is an isotropic log-concave density on R2. Standard
fixed-dimensional log-concave estimates give universal constants C1, c1 > 0 such that

gu,v(y, z) ≤ C1 exp(−c1
√
y2 + z2).

Therefore
sup
y

∫
R
|z|gu,v(y, z)dz ≤ C1

∫
R
|z|e−c1|z|dz ≤ C.

The constants are independent of N, u, v. The required fixed-dimensional envelope is the d = 2 case of Lemma
2 in Balcan and Long (2013), based on the isotropic log-concave bounds of Lovász and Vempala (2007).

Proof of the dominated reference theorem. Write

X = Σ−1/2(α−m).

The reference law of X is isotropic and log-concave. The law induced by µ has density at most A times this
reference density. Both Radon fluxes are therefore at most CA by the log-concave flux lemma. Also

ψ(t) + ⟨α, F (t)⟩ = ψ(t) + ⟨m,F (t)⟩+ ⟨X,Σ1/2F (t)⟩
= q(t){a(t) + ⟨X,u(t)⟩}.

Since q(t) > 0, the original and normalized boundaries have the same roots. The affine flux theorem proves the
claim.



Proof of the cube and Pfaffian consequences. The uniform law on [−R,R]N has mean zero, covariance (R2/3)I,
and density (2R)−N . A density bounded by κ on this cube is A = κ(2R)N dominated by the uniform law. Hence

q(t) =
R√
3
∥F (t)∥2, u(t) =

F (t)

∥F (t)∥2
,

a(t) =

√
3

R

ψ(t)

∥F (t)∥2
.

Substitution in the dominated reference theorem proves the cube bound. If ψ = 0 and F/∥F∥2 is LF -Lipschitz,
its length on I is at most LF |I|. This proves the normalized Pfaffian corollary.

D Independent Marginals

Proof of the independent-coefficients theorem. Let t0 be the midpoint of I. If hα(t) = a(t) + ⟨α, u(t)⟩ vanishes
at t ∈ I, then

|hα(t0)| ≤ La|t− t0|+ ∥α∥2Lu|t− t0|

≤ 1

2
(La +R

√
NLu)|I|.

Thus the fixed projection ⟨α, u(t0)⟩ lies in an interval of width at most (La + R
√
NLu)|I|. The sharp one-

dimensional case of the Rogozin–Ball comparison states that every unit projection of independent variables with
marginal densities bounded by κ has density at most

√
2κ (Rudelson and Vershynin, 2015). Multiplying density

by interval width proves the claimed bound.

The dependence counterexample in the main paper is immediate from

r2 + α1r + α0 = r2 + Zr − r2 − rZ = 0.

The marginal of α1 has density 2 on an interval of length 1/2. The marginal of α0 = −r2 − rZ has density 8
on an interval of length 1/8. Both supports lie in a fixed compact interval, although r is a root with probability
one.

E Conditioning of the Monomial Curve

Let F (t) = (1, t, . . . , td−1) and S(t) = ∥F (t)∥22.

Spherical part of monomial conditioning. For u = F/∥F∥2,

∥u′(t)∥2 =
∥(I − u(t)u(t)⊤)F ′(t)∥2

∥F (t)∥2

≤ ∥F ′(t)∥2
∥F (t)∥2

.

If |t| ≤ 1, then

∥F ′(t)∥22 =

d−1∑
i=1

i2|t|2i−2

≤ (d− 1)2
d−2∑
j=0

|t|2j ≤ (d− 1)2∥F (t)∥22.

If |t| ≥ 1, then

∥F ′(t)∥22 ≤ (d− 1)2
d−1∑
i=1

|t|2i−2

≤ (d− 1)2
∥F (t)∥22
t2

≤ (d− 1)2∥F (t)∥22.



Hence ∥u′(t)∥2 ≤ d− 1 globally.

Affine part of monomial conditioning. It is enough by symmetry to take t ≥ 0. On 0 ≤ t ≤ 1,

a′0(t) =
dtd−1

√
S

− tdS′

2S3/2
≤ dtd−1

√
S
.

Since S(t) ≥ dt2d−2 on this interval, a′0(t) ≤
√
d. For t ≥ 1, put y = t−2 and Q(y) = 1 + y + · · ·+ yd−1. Direct

differentiation gives

a′0(t) =

∑d−1
j=0(j + 1)yj

Q(y)3/2
.

The coefficient of yj in Q(y)2 is j + 1 for 0 ≤ j ≤ d− 1. Since 0 ≤ y ≤ 1,
d−1∑
j=0

(j + 1)yj ≤ Q(y)2.

It follows that a′0(t) ≤
√
Q(y) ≤

√
d. The absolute derivative obeys the same bound for negative t.

Proof of the monic-polynomial corollary. For a joint density bounded by κ on the cube, the cube bound, the
monomial conditioning lemma, and A = κ(2R)d give

P(root in I) ≤ CA

(
d− 1 +

√
3d

R

)
|I|.

For independent marginals, apply the independent-coefficients theorem with N = d, La =
√
d, and Lu = d − 1.

This gives √
2κ{

√
d+R

√
d(d− 1)}|I|,

which is the independent-marginal polynomial bound.

F Matching Lower Bounds

F.1 The Gaussian monic lower bound

Let S = Pα(1) and D = P ′
α(1). For iid standard Gaussian coefficients,

S = 1 +

d−1∑
i=0

αi, D = d+

d−1∑
i=0

iαi.

Thus S has variance d and density

pS(0) =
e−1/(2d)

√
2πd

.

The Gaussian conditioning formulas give

E[D | S = 0] = d−
∑d−1

i=0 i

d
=
d+ 1

2
,

Var(D | S = 0) =

d−1∑
i=0

i2 −
(
∑d−1

i=0 i)
2

d
=
d(d2 − 1)

12
.

The Kac–Rice intensity at one is
ρd(1) = pS(0)E[|D| | S = 0].

For a normal variable, the expected absolute value is minimized at zero mean. Consequently,

ρd(1) ≥
e−1/(2d)

√
d2 − 1

π
√
12

.



It remains to pass from intensity to hit probability. Let K be a compact neighborhood of one and let s ̸= t lie
in K. The covariance determinant of (Pα(s), Pα(t)) is

detCov(Pα(s), Pα(t)) = Θd((s− t)2).

Indeed, after dividing the second coordinate difference by t−s, the covariance converges to that of (Pα(s), P
′
α(s)),

which is nonsingular for d ≥ 2. Hence the joint value density at zero is at most Cd/|s− t|.

Condition on Pα(s) = Pα(t) = 0. Rolle’s theorem and Taylor’s theorem give

|P ′
α(s)P

′
α(t)| ≤ |s− t|2 sup

x∈K
|P ′′

α (x)|2.

Gaussian regression, using the same nonsingular limiting value-derivative covariance, bounds the conditional
expectation of the supremum on the right by a constant depending only on d and K. The two-point Kac–Rice
intensity therefore satisfies

ρ2,d(s, t) ≤ Cd|s− t|.

If Nϵ counts roots in [1, 1 + ϵ], the one- and two-point Kac–Rice formulas now give

ENϵ = ρd(1)ϵ+ o(ϵ),

E[Nϵ(Nϵ − 1)] ≤ Cd

∫ 1+ϵ

1

∫ 1+ϵ

1

|s− t|, dsdt = Od(ϵ
3).

Thus the difference between ENϵ and P{Nϵ ≥ 1} is Od(ϵ
3). Therefore

P{N[1,1+ϵ] ≥ 1} = ρd(1)ϵ+ o(ϵ),

which proves the Gaussian monic proposition.

F.2 A product law for monic polynomials

Proof of the product-law lower bound. Write d = 2n, set M = R/2, and let δ = 1/(2κ). For 0 ≤ i < n, define

mi = −M − 1

d
,

and for n ≤ i < d, define
mi =M − 1

d
.

Let ξi be independent and uniform on [−δ, δ], and take αi = mi + ξi. Each αi has density κ on an interval of
length 1/κ. Since κR ≥ 4, δ ≤ R/8. Together with R ≥ 1 and d ≥ 4, this shows that all these intervals lie in
[−R,R].

At t = 1, cancellation of the centers gives

Pα(1) = 1 +

d−1∑
i=0

mi +

d−1∑
i=0

ξi = Sξ, Sξ =

d−1∑
i=0

ξi.

The derivative at one is

P ′
α(1) = d+

d−1∑
i=0

i(mi + ξi)

=
Md2

4
+
d+ 1

2
+

d−1∑
i=0

iξi.

Since ∣∣∣∣∣
d−1∑
i=0

iξi

∣∣∣∣∣ ≤ δd2

2
≤ Rd2

16
,



we have
P ′
α(1) ≥ G, G =

Rd2

16
. (36)

For 1 ≤ t ≤ 1 + c0/d, all coefficients have magnitude at most R, and

|P ′′
α (t)| ≤ C0Rd

3

for a universal C0. Choose a universal c′ > 0 small enough that C0Rd
3(c′/d) ≤ G/2. Then for every 0 < ϵ ≤ c′/d,

P ′
α(t) ≥ G/2 on [1, 1 + ϵ]. (37)

It remains to lower-bound the probability that Sξ is in the crossing window. Its density qd is symmetric and
unimodal. Its standard deviation is σ = δ

√
d/3. Chebyshev’s inequality and unimodality imply

3

4
≤ P{|Sξ| ≤ 2σ} ≤ 4σqd(0).

Hence
qd(0) ≥

3
√
3

16δ
√
d
. (38)

The density is continuous for d ≥ 2. Thus, for all sufficiently small ϵ, it is at least half the right side of (38) on
[−Gϵ/2, 0]. On the event

−Gϵ/2 ≤ Sξ ≤ −Gϵ/4,

Pα(1) < 0, while (37) gives Pα(1 + ϵ) ≥ 0. The intermediate value theorem supplies a root. The event has
probability at least

c
1

δ
√
d
Gϵ = cκRd3/2ϵ.

This proves the theorem. The phrase “sufficiently small” only ensures that the crossing window lies in a neigh-
borhood where qd is bounded below.

F.3 Exact two-term calculation

Let α0, α1 be independent uniform variables on [−1, 1] and Q(t) = α0 + α1t
d. Put q = (1 + ϵ)d. A positive root

lies in [1, 1 + ϵ] exactly when −α0/α1 ∈ [1, q]. In the quadrant α1 > 0, α0 < 0, write x = α1 and y = −α0. The
relevant area in the unit square is ∫ 1/q

0

(qx− x)dx+

∫ 1

1/q

(1− x)dx =
q − 1

2q
.

The opposite-sign quadrant contributes the same area. Dividing by the total square area 4 gives

P{Q has a root in [1, 1 + ϵ]} =
q − 1

4q
.

Since q = 1 + dϵ+ o(ϵ), the local coefficient is d/4.

G Exponential Features and Online Dispersion

For Fi(t) = cie
bit, define u = F/∥F∥2 and wi = u2i . With b̄ =

∑
i wibi, differentiation gives

u′i = (bi − b̄)ui, ∥u′∥22 =
∑
i

wi(bi − b̄)2.

Popoviciu’s variance inequality yields
∥u′∥2 ≤ bmax − bmin

2
.



Substitution into the cube consequence of the dominated reference theorem proves the exponential feature claim.

Finally consider the dispersion and regret corollary. An axis-aligned path between two points at Euclidean
distance at most ϵ has total coordinate length at most √pϵ. On every segment, the dominated reference theorem
and the path-conditioning assumption bound the expected number of crossed transition surfaces by

CAKΓ
√
pϵ.

Summing over T independent rounds gives the linear term in the dispersion bound. The Pfaffian path-hitting
VC bound of Balcan et al. (2025) upgrades this fixed-path expectation to a uniform bound with additive Õ(

√
T ).

Substitution into the dispersed continuous exponential-weights theorem of Balcan et al. (2018) gives the stated
regret bound. Setting r = T−1/2 proves the stated rate.


