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Abstract

Estimating a distribution on k symbols
to expected total-variation error α needs
Θ(k/α2) samples. Under algorithmic repli-
cability, the best known upper bound
is O(k2 log(1/ρ)/(α2ρ2)). Whether the
quadratic alphabet dependence is necessary
was left open by Bun et al. We prove that
it is. Every ρ-replicable estimator with ex-
pected error at most α requires

Ω

(
k2

α2ρ2

)
samples, for all sufficiently small universal
α and ρ. The lower bound holds for arbi-
trary randomized estimators and matches ev-
ery polynomial dependence in the known up-
per bound. Our proof introduces an average-
distortion partition principle. Fixing the pub-
lic randomness turns a replicable estimator
into canonical output cells. Expected accu-
racy does not bound every cell, so bounded-
diameter partition arguments do not apply.
Instead, we show that cells with low aver-
age distortion cover constant measure, that
each such cell has exponentially small mea-
sure, and that Gaussian-profile isoperimetry
forces total boundary Ω(

√
k). The hard in-

stances form a smooth toroidal family of cate-
gorical distributions. Nearby parameters gen-
erate statistically indistinguishable samples
at scale

√
k/(α

√
m). Thickening all canon-

ical cells to this scale converts their bound-
ary into nonreplicability, yielding the result
by coarea.

1 Introduction

Suppose two laboratories run the same randomized
analysis with the same published random seed, but col-
lect independent data from the same population. Algo-
rithmic replicability asks that they return exactly the

same answer with high probability (Impagliazzo et al.,
2022). Formally, an estimator A using m samples is
ρ-replicable if, for every data distribution p,

Pr
r,S,S′∼pm

{A(S; r) = A(S′; r)} ≥ 1− ρ. (1)

The random string r is shared and the samples S, S′

are independent. Exact agreement makes this require-
ment much stronger than ordinary concentration.

We study the most basic nonparametric estimation
problem. Given samples from an arbitrary distribu-
tion p on [k], output p̂ satisfying

Er,SdTV(p̂, p) ≤ α. (2)

Without stability, the minimax sample complexity is
Θ(k/α2) (Devroye and Lugosi, 2001). Bun et al. (2023)
obtained the first replicable estimator by converting a
private histogram estimator (Diakonikolas et al., 2015;
Acharya et al., 2021). Their bound is

O

(
k2 log(1/ρ)

α2ρ2

)
, (3)

after a constant rescaling of α. They explicitly left
open whether linear dependence on k is possible.

Our main result closes this question.
Theorem 1 (Main result). There are universal con-
stants c, α0, ρ0 > 0 and k0 ∈ N such that the following
holds. For k ≥ k0, 0 < α ≤ α0, and 0 < ρ ≤ ρ0, every
estimator satisfying (1) and (2) uses

m ≥ c
k2

α2ρ2
(4)

i.i.d. samples in the worst case.

Thus the known upper bound is optimal in all three
polynomial dependences and is separated only by
log(1/ρ). At constant α and ρ, replicability changes
the alphabet dependence from linear to quadratic. The
lower bound is information theoretic. It allows un-
bounded computation, a continuous output space, and
arbitrary internal randomness.



Why existing lower bounds do not settle this
problem. High-dimensional replicable mean estima-
tion is governed by low-surface-area partitions (Hop-
kins et al., 2024). That work also treats coordi-
nate sampling, but its lower bounds require high-
probability Euclidean or simultaneous coordinatewise
accuracy. Our categorical experiment is a uniform-
coordinate experiment whose expected total-variation
loss controls only average ℓ1 error across coordinates.
Converting this guarantee to their ℓ2 or ℓ∞ criteria
loses the factor needed to distinguish k from k2. There
is a second obstacle. Equation (2) controls expected
loss, not a high-probability correctness event. Conse-
quently, a fixed public seed can induce cells with long,
inaccurate tendrils, so no uniform diameter bound is
available.

Our approach. We prove a reusable partition prin-
ciple based on average distortion. For a fixed public
seed, let Fy contain parameters on which y is out-
put with probability above 3/4. Replicability makes
these canonical cells cover almost all parameter space.
Rather than truncate every cell to an accuracy ball,
we retain the cells whose average loss is O(α). Ex-
pected accuracy ensures that they still cover constant
measure. If every low-loss basin has exponentially
small measure, Gaussian-profile isoperimetry gives to-
tal perimeter Ω(

√
d) in dimension d.

The hard family is parameterized by the flat torus
Td and has 4d symbols. The torus avoids the exter-
nal boundary term that defeats a cube argument. Its
coordinates modulate sine and cosine pairs in a cate-
gorical distribution. An arbitrary accurate output de-
termines an angular center, and concentration shows
that its low-loss basin has measure exp(−Ω(d)). Mean-
while, m samples cannot distinguish parameters within
distance R = Θ(

√
d/(α

√
m)). The R-thickenings of

distinct canonical cells remain disjoint. Every thick-
ened boundary is noncanonical and therefore incurs
constant disagreement. Coarea gives R

√
d = O(ρ),

which rearranges to (4).

Relation to distribution testing. Recent work ob-
tains sharper and sometimes nearly linear 1/ρ costs for
uniformity and closeness testing (Liu and Ye, 2024; Di-
akonikolas et al., 2025; Aamand et al., 2025). Those
tasks return one bit and need not reconstruct the distri-
bution. Theorem 1 shows a contrasting phenomenon
for estimation: even a constant-error histogram has a
quadratic joint cost in alphabet size and 1/ρ.

2 Related work

Impagliazzo et al. (2022) introduced the shared-
randomness definition in (1), under the original name

reproducibility, and proved the sharp Θ(1/(α2ρ2))
scalar statistical-query rate at constant confidence.
Bun et al. (2023) connected replicability with differen-
tial privacy and perfect generalization. Their generic
conversion produced the histogram upper bound (3)
and the open question resolved here. List and certifi-
cate replicability quantify different relaxations of ex-
act shared-seed agreement (Dixon et al., 2023). Our
lower bound concerns the original pointwise definition
and therefore does not assert a lower bound for those
relaxations.

The closest geometric work is Hopkins et al. (2024). It
relates replicable high-dimensional mean estimation to
isoperimetric tilings, proves optimal Euclidean mean-
estimation rates, and treats the N -coin problem un-
der vector and coordinate sampling. Its estimator-to-
partition reduction uses cells with a Euclidean radius
guarantee, obtained from high-probability correctness.
Our Proposition 2 has a different input and conclusion.
It starts from expected loss, allows individual canon-
ical cells to be inaccurate on subsets of their volume,
and combines an average-distortion budget with small-
basin isoperimetry. The categorical experiment (13)
can be viewed as uniform coordinate sampling. The
key difference from their N -coin lower bounds is the
guarantee: expected total variation permits a canoni-
cal output to be inaccurate on a subset of coordinates
and parameters, while their high-probability ℓ2 and ℓ∞
guarantees produce bounded-radius cells.

Replicable distribution testing was developed for uni-
formity, identity, closeness, and independence (Liu
and Ye, 2024; Diakonikolas et al., 2025). The later
structural theory of Aamand et al. (2025) shows that
binary testers can be reduced to canonical random-
threshold form and develops chaining lower bounds.
These testing results can beat quadratic 1/ρ overhead
in some regimes. They do not estimate an arbitrary
histogram or bound its expected total-variation loss.
To our knowledge, no work after Bun et al. (2023) gave
a lower bound with superlinear alphabet dependence
for that problem.

3 Preliminaries

Write ∆k for the simplex on [k] and dTV(p, q) =
1
2

∑
x |p(x)−q(x)|. An estimator is a randomized map

A : [k]m×R → ∆k. We impose no restriction on R or
on the range of A. Once r is fixed, however, its range
has size at most km.

For a compact Riemannian manifold M with probabil-
ity measure µ, let

Et = {x ∈ M : dist(x,E) < t}



and define the outer Minkowski perimeter

Perµ(E) = lim inf
t↓0

µ(Et)− µ(E)

t
.

We use the standard coarea identity for distance func-
tions. In particular, for measurable E and R > 0,∫ R

0

Perµ(Et) dt ≤ µ(ER \ E), (5)

with equality for regular sets and almost every level.
The inequality is all that we need.

4 An average-distortion partition
principle

We first isolate the proof mechanism. Let {Pθ : θ ∈
M} be a family of data distributions and let ℓ(y, θ) ≥ 0
be the loss of output y. Assume that θ 7→ Pm

θ is con-
tinuous in total variation. The following proposition
turns three geometric and statistical properties into a
replicability lower bound.
Proposition 2 (Distortion to boundary). Fix 0 < η <
1/4, K ≥ 32, and R, λ > 0. Suppose:

1. dTV(P
m
θ , Pm

ϕ ) ≤ η whenever dist(θ, ϕ) ≤ R.

2. For every output y,

µ{θ : ℓ(y, θ) ≤ 2Kα} ≤ s. (6)

3. Perµ(E) ≥ λµ(E) whenever µ(E) ≤ 2s.

If A has expected loss at most α for every θ and is
ρ-replicable for every θ, then

Rλ ≤ Cρ (7)

for a universal C, provided ρ is below a universal con-
stant.

The proof is included because the expected-loss step is
central. Let

Lr =

∫
M

ES∼Pm
θ
ℓ(A(S; r), θ) dµ(θ)

and let Dr be the analogous integrated probability that
two runs disagree. Averaging and Markov’s inequality
give one seed r with

Lr ≤ 3α, Dr ≤ 3ρ. (8)

For this seed, write hy(θ) = PrS{A(S; r) = y} and

Fy = {θ : hy(θ) > 3/4}.

If θ lies outside every Fy, then
∑

y hy(θ)
2 ≤ 5/8. It

follows from (8) that

µ

(⋃
y

Fy

)
≥ 1− 8ρ. (9)

Let Gy,t = (Fy)t for 0 ≤ t ≤ R. Data processing and
assumption 1 give

hy(θ) ≥ β := 3/4− η > 1/2 on Gy,t. (10)

Hence the closures of distinct Gy,t are disjoint. Since
the cells are disjoint, (8) and (10) imply∑

y

∫
Gy,t

ℓ(y, θ)dµ(θ) ≤ 3α

β
. (11)

Call a cell good if its average loss is at most Kα. Equa-
tions (9) and (11) show that good cells cover at least
1−8ρ−3/(βK) measure. For every good cell, Markov’s
inequality and (6) give µ(Gy,t) ≤ 2s. Assumptions 2
and 3 now yield ∑

y

Perµ(Gy,t) ≥ cλ (12)

for almost every t ∈ [0, R].

A boundary point of Gy,t belongs to no Fz. Indeed,
membership in Fz would contradict the disjointness
following (10). Its fixed-seed disagreement probability
is therefore at least 3/8. The union of all distance lev-
els has measure at most 8ρ by (8). Integrating (12) and
applying coarea gives cRλ ≤ 8ρ. This proves Proposi-
tion 2. The appendix records the measurability details
and a finite-range reduction.

Comparison with bounded-radius partitions.
The argument never claims that every Fy has small
diameter. It uses the integrated distortion budget (11)
to keep enough small-measure cells. This is what per-
mits the expected guarantee (2) without inserting an
accuracy failure probability into the final rate.

5 A toroidal categorical family

Let d = bk/4c and identify Td = (R/2πZ)d with
normalized Haar measure µ. Choose an amplitude
a = C0α, where C0 is a sufficiently large universal con-
stant and a ≤ 1/2. For θ ∈ Td, define a distribution
on [d]× [4] by

pθ(i, 1) =
1 + a cos θi

4d
, pθ(i, 2) =

1− a cos θi
4d

,

pθ(i, 3) =
1 + a sin θi

4d
, pθ(i, 4) =

1− a sin θi
4d

. (13)

Remaining symbols, if any, receive mass zero. Every
coordinate block has mass 1/d.



5.1 Nearby parameters are indistinguishable

Let ∆i ∈ [−π, π] be the shortest signed difference be-
tween θi and ϕi.
Lemma 3 (Sample continuity). For the family (13),

DKL(pθ‖pϕ) ≤
a2

d

d∑
i=1

∆2
i . (14)

Consequently, for every event B of m samples,

|pmθ (B)− pmϕ (B)| < 1

15
(15)

whenever dist(θ, ϕ) ≤ c
√
d/(a

√
m).

The atom probabilities are at least 1/(8d). Bounding
KL by chi-square, pairing the two cosine atoms and
the two sine atoms, and using chord length at most
arc length proves (14). Tensorization and Pinsker’s
inequality prove (15).

5.2 Accurate basins are exponentially small

The next lemma applies to every q ∈ ∆k, including
outputs outside the hard family.
Lemma 4 (Small loss basins). There are universal
constants c0, C0 > 0 such that, with a = C0α ≤ 1/2,

µ{θ : dTV(q, pθ) ≤ 2Kα} ≤ e−c0d (16)

for every q ∈ ∆k and the fixed universal K in Propo-
sition 2.

To see the mechanism, define

ui =
2d

a

(
q(i, 1)− q(i, 2), q(i, 3)− q(i, 4)

)
.

Choose φi as the direction of ui, arbitrarily when
ui = 0, and set Zi(θ) = min{1, distT(θi, φi)}. Radial
projection onto the unit circle gives

dTV(q, pθ) ≥
a

4πd

d∑
i=1

Zi(θ). (17)

Under Haar measure the Zi are independent and
EZi = 1− 1/(2π). For sufficiently large C0, the event
in (16) forces their empirical mean below half its ex-
pectation. Hoeffding’s inequality completes the proof.

5.3 Torus isoperimetry

Let Φ and ϕ denote the standard Gaussian cdf and
density, and set Iγ(u) = ϕ(Φ−1(u)).

Lemma 5 (Gaussian profile on the torus). For every
measurable E ⊆ Td,

Perµ(E) ≥ Iγ(µ(E))√
2π

. (18)

In particular, if µ(E) ≤ 2e−c0d, then

Perµ(E) ≥ c1
√
dµ(E) (19)

for all sufficiently large d.

There is a short transport proof. The coordinatewise
map

T (x)i = 2πΦ(xi) (mod 2π)

pushes standard Gaussian measure on Rd to µ and
is

√
2π-Lipschitz. If A = T−1(E), then At ⊆

T−1(E√
2πt). Gaussian isoperimetry (Borell, 1975;

Sudakov and Tsirelson, 1978) and differentiation at
zero give (18). The standard Gaussian-tail estimate
Iγ(u) ≥ cu

√
log(1/u) gives (19).

6 Proof of the main theorem

Apply Proposition 2 with K = 32 and η = 1/15 on
M = Td, with Pθ = pθ and loss ℓ(q, θ) = dTV(q, pθ).
Lemma 4 supplies assumption 2 with s = e−c0d.
Lemma 5 supplies assumption 3 with λ = c1

√
d.

Lemma 3 supplies assumption 1 at radius

R = min

{
1,

c2
√
d

a
√
m

}
. (20)

Proposition 2 yields

min

{
1,

c2
√
d

a
√
m

}
√
d ≤ Cρ. (21)

For d above a universal constant and ρ below a uni-
versal constant, the first branch in (21) is impossible.
Therefore

m ≥ c
d2

a2ρ2
= c′

d2

α2ρ2
.

Since d = bk/4c, this proves Theorem 1.
Corollary 6 (Minimax complexity). Let m∗

rep(k, α, ρ)
be the minimum fixed sample size of a ρ-replicable es-
timator with worst-case expected TV loss at most α.
For the parameter range of Theorem 1,

c
k2

α2ρ2
≤ m∗

rep(k, α, ρ) ≤ C
k2 log(1/ρ)

α2ρ2
.

The upper bound is Theorem 6.14 of Bun et al. (2023),
with constants rescaled to match expected TV loss.
The remaining logarithm is the only unresolved factor.



7 Discussion

The lower bound identifies two independent sources of
the quadratic cost. A categorical observation selects
one of d angular coordinates uniformly, which makes
m-sample laws smooth at radius

√
d/(α

√
m). At the

same time, accurate canonical outputs partition a d-
dimensional parameter space into exponentially small
cells, forcing boundary density

√
d. Their product is

d/(α
√
m).

The toroidal construction is not cosmetic. If one works
in a parameter cube and applies Euclidean isoperime-
try to truncated cells, the external cube boundary has
normalized area of order d and can dominate the de-
sired

√
d/α internal boundary. Periodic sine-cosine

encoding removes this loss while keeping every atom
positive and the KL calculation elementary.

Our result concerns the standard fixed-sample defini-
tion used for discrete distribution estimation. Adap-
tive expected-sample procedures can behave differently
in replicability problems (Hopkins et al., 2024). It is
also open whether the logarithm in Corollary 6 is nec-
essary. The average-distortion principle may be useful
for other estimation losses where expected accuracy
does not produce bounded-radius cells.
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A Full proof of the partition principle

We prove Proposition 2 with all quantifiers explicit.
The argument is stated for a compact Riemannian
manifold with normalized volume measure. The same
proof applies to any metric probability space that has
the required isoperimetric and coarea properties.

For a fixed public random string r, the map S 7→
A(S; r) has finite range because the sample space is
finite. We denote this range by Yr. For y ∈ Yr, let

hr,y(θ) = Pr
S∼Pm

θ

{A(S; r) = y}.

Assumption 1 and data processing imply

|hr,y(θ)− hr,y(ϕ)| ≤ dTV(P
m
θ , Pm

ϕ ) ≤ η (22)

whenever dist(θ, ϕ) ≤ R. For the categorical family
used in the paper, hr,y is continuous. Continuity also
follows locally from the vanishing right side of the KL
bound as dist(θ, ϕ) ↓ 0.

Define

Lr =

∫
M

∑
y∈Yr

hr,y(θ)ℓ(y, θ) dµ(θ),

Dr =

∫
M

1−
∑
y∈Yr

hr,y(θ)
2

 dµ(θ).

The hypotheses of Proposition 2 hold pointwise in θ.
Fubini’s theorem therefore gives

ErLr ≤ α, ErDr ≤ ρ.



By Markov’s inequality,

Pr
r
{Lr > 3α} <

1

3
, Pr

r
{Dr > 3ρ} <

1

3
.

There is consequently a fixed seed r for which both
inequalities in (8) hold. We fix it below and suppress
r from the notation.

A.1 Canonical cells and coverage

For every y ∈ Yr, define the open canonical cell

Fy = {θ : hy(θ) > 3/4}.

Distinct canonical cells are disjoint. If θ /∈ ∪yFy, every
coordinate of the probability vector (hy(θ))y is at most
3/4. Among probability vectors with this constraint,
the squared ℓ2 norm is maximized by (3/4, 1/4, 0, . . .).
Thus

1−
∑
y

hy(θ)
2 ≥ 1− 10

16
=

3

8
.

Since Dr ≤ 3ρ,

µ(N) ≤ 8ρ, N := M \
⋃
y

Fy. (23)

This proves (9).

For t ∈ [0, R], put

Gy,t = {θ : dist(θ, Fy) < t}

for t > 0, and take Gy,0 = Fy. If θ ∈ Gy,t, choose a
sequence ϕn ∈ Fy with dist(θ, ϕn) ≤ t + o(1). Equa-
tion (22) and continuity give

hy(θ) ≥ 3/4− η = β > 1/2. (24)

It follows that the closures of Gy,t and Gz,t are disjoint
when y 6= z.

A.2 The distortion budget

For any t ∈ [0, R], disjointness and (24) give

3α ≥
∫
M

∑
y

hy(θ)ℓ(y, θ)dµ(θ)

≥ β
∑
y

∫
Gy,t

ℓ(y, θ)dµ(θ). (25)

Let Gt be the indices satisfying

1

µ(Gy,t)

∫
Gy,t

ℓ(y, θ)dµ(θ) ≤ Kα.

Empty cells are omitted. Equation (25) implies∑
y/∈Gt

µ(Gy,t) ≤
3

βK
. (26)

The thickened cells contain the original canonical cells,
so (23) and (26) yield∑

y∈Gt

µ(Gy,t) ≥ 1− 8ρ− 3

βK
. (27)

For K ≥ 32, η < 1/4, and sufficiently small universal
ρ, the right side is at least a positive universal constant
c∗.

Fix y ∈ Gt. Markov’s inequality within the cell gives

µ{θ ∈ Gy,t : ℓ(y, θ) ≤ 2Kα} ≥ 1

2
µ(Gy,t).

Assumption 2 of Proposition 2 therefore implies

µ(Gy,t) ≤ 2s. (28)

Assumption 3, (27), and (28) now show that for almost
every t,∑

y

Perµ(Gy,t) ≥ λ
∑
y∈Gt

µ(Gy,t) ≥ c∗λ. (29)

A.3 Boundary points are noncanonical

Fix t ∈ (0, R] and θ ∈ ∂Gy,t. Then θ /∈ Fy, since every
point of the open set Fy is interior to Gy,t. If θ ∈ Fz

for some z 6= y, then hz(θ) > 3/4 while (24) gives
hy(θ) ≥ β > 1/2. This is impossible. Thus θ ∈ N .
More generally, every point of the shell Gy,R \ Fy is
on the boundary of Gy,t at t = dist(θ, Fy) and belongs
to N by the same argument. The shells for distinct y
are disjoint because the closures of Gy,R are disjoint.
Consequently,∑

y

µ(Gy,R \ Fy) ≤ µ(N) ≤ 8ρ. (30)

The distance function to a set has metric gradient one
almost everywhere outside its closure. The coarea for-
mula, first for regular distance levels and then by ap-
proximation, gives∫ R

0

Perµ(Gy,t)dt ≤ µ(Gy,R \ Fy). (31)

Summing (31), using (30), and integrating (29) gives

c∗Rλ ≤
∫ R

0

∑
y

Perµ(Gy,t)dt ≤ 8ρ.

This is (7) and completes the proof of Proposition 2.

B Continuity of the categorical
experiment

We prove Lemma 3. For brevity, write ci = cos θi,
c′i = cosϕi, and similarly si, s

′
i. Since a ≤ 1/2, every



nonzero atom of pϕ is at least 1/(8d). The inequality
DKL(p‖q) ≤ χ2(p, q) gives

DKL(pθ‖pϕ) ≤
∑
i,j

(pθ(i, j)− pϕ(i, j))
2

pϕ(i, j)

≤ 8d

d∑
i=1

2a2(ci − c′i)
2 + 2a2(si − s′i)

2

16d2

=
a2

d

d∑
i=1

(
(ci − c′i)

2 + (si − s′i)
2
)
.

The expression in parentheses is the squared chord
length between two points on the unit circle. It is
at most ∆2

i , proving (14).

KL tensorizes over independent samples. Pinsker’s in-
equality therefore gives

dTV(p
m
θ , pmϕ ) ≤ a

√
m

2d
dist(θ, ϕ). (32)

Choose c <
√
2/15 in the radius of Lemma 3. Then the

right side of (32) is below 1/15. The probability of any
event, including the event that a fixed-seed estimator
returns a specified output, changes by at most this
total variation distance. This proves the lemma.

C The small-basin lemma

We prove Lemma 4. Fix q ∈ ∆k and define ui as in
the main text. Let v(θi) = (cos θi, sin θi). If

Li(θ) =

4∑
j=1

|q(i, j)− pθ(i, j)|,

then the triangle inequality in each signed pair gives

‖ui − v(θi)‖2 ≤ 2d

a
Li(θ). (33)

We next record the radial projection fact used in (17).
For any u ∈ R2, there is an angle φ such that, for every
θ,

min{1, distT(θ, φ)} ≤ π ‖u− v(θ)‖2 . (34)

If ‖u‖2 < 1/2, the right side is at least π/2 and the
claim is immediate. Otherwise choose v(φ) = u/ ‖u‖2.
Then

‖v(θ)− v(φ)‖2 ≤ 2 ‖v(θ)− u‖2 .

For an angular separation x ∈ [0, π], the chord length
is 2 sin(x/2) ≥ 2x/π. Equation (34) follows.

Combining (33) and (34), and summing over blocks,

yields

dTV(q, pθ) =
1

2

∑
i,j

|q(i, j)− pθ(i, j)|

≥ a

4πd

d∑
i=1

min{1, distT(θi, φi)}.

Mass of q on unused symbols only increases the left
side, so the inequality holds for all q ∈ ∆k.

For independent uniform angles Θi, the circular dis-
tance to a fixed φi is uniform on [0, π]. Thus, with
Zi = min{1, distT(Θi, φi)},

µ0 := EZi =
1

π

(∫ 1

0

x dx+

∫ π

1

1 dx

)
= 1− 1

2π
.

If dTV(q, pΘ) ≤ 2Kα and a = C0α, then

1

d

∑
i

Zi ≤
8πK

C0
.

Choose C0 ≥ 16πK/µ0. Hoeffding’s inequality gives

Pr

{
1

d

∑
i

Zi ≤
µ0

2

}
≤ exp

(
−µ2

0d

2

)
.

Taking c0 = µ2
0/2 proves (16).

D Isoperimetry on the flat torus

We prove Lemma 5. Let γd be standard Gaussian mea-
sure on Rd and define

T (x)i = 2πΦ(xi) (mod 2π).

Each coordinate is uniform on the circle, so T#γd = µ.
Moreover,

sup
x

∣∣∣∣ ddx2πΦ(x)
∣∣∣∣ = √

2π.

Taking shortest circular distances can only reduce dis-
tance, hence T is L =

√
2π-Lipschitz in the product

Euclidean metrics.

Fix measurable E ⊆ Td and set A = T−1(E). Lips-
chitzness implies

At ⊆ T−1(ELt).

The Gaussian isoperimetric inequality (Borell, 1975;
Sudakov and Tsirelson, 1978) states

γd(At) ≥ Φ
(
Φ−1(γd(A)) + t

)
.

Since γd(A) = µ(E), we obtain

µ(ELt) ≥ Φ
(
Φ−1(µ(E)) + t

)
.



Subtracting µ(E), dividing by Lt, and taking a lower
limit at zero proves

Perµ(E) ≥ ϕ(Φ−1(µ(E)))√
2π

.

For 0 < u ≤ 1/2, standard Gaussian tail bounds imply

ϕ(Φ−1(u)) ≥ cu
√
log(1/u) (35)

for a universal c > 0. If u ≤ 2e−c0d and d is above a
universal constant, then log(1/u) ≥ c0d/2. Substitu-
tion into (35) proves (19).

E Completion of Theorem 1

The application of Proposition 2 in the main text uses

R = min

{
1,

c2
√
d

a
√
m

}
.

Lemma 3 verifies sample continuity at this radius after
reducing c2 if needed. When the second term exceeds
one, Equation (32) verifies continuity throughout the
unit radius because a

√
m/d < c2.

Proposition 2 and Lemma 5 give

R
√
d ≤ Cρ.

Choose d0 and ρ0 so that
√
d > Cρ for d ≥ d0 and

ρ ≤ ρ0. Then R 6= 1, so

c2d

a
√
m

≤ Cρ.

Rearranging and using a = C0α gives

m ≥ c22
C2C2

0

d2

α2ρ2
.

Finally, for k ≥ 8, d = bk/4c ≥ k/8. Increasing k0 to
ensure d ≥ d0 proves Theorem 1.
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