
The Universal Price of Best-Arm Identification

Pahan Dewasurendra
Johns Hopkins University

Abstract

The static oracle for fixed-budget best-arm
identification knows the arm means and se-
lects the allocation with the best error expo-
nent. No adaptive algorithm can match this
oracle on every instance when there are at
least three arms. How large must the worst-
case loss be?
For unit-variance Gaussian arms, we deter-
mine this price to within an additive constant
below 0.2 for every number K of arms. If
PK is the smallest possible worst-case ratio
between the oracle and algorithmic error ex-
ponents, then

CK ≤ PK ≤ UK , 0 < UK − CK < 0.2,

where both endpoints are explicit sequences
and equal logK+O(1). Thus the exact lead-
ing constant in the price of universality is one.
The lower bound strengthens a recent impos-
sibility result using a translated equal-gap
hard family. The upper bound is construc-
tive. We optimize the batch lengths of a
successive-elimination design and prove that
its exponent is at least Γ⋆

so/UK on every in-
stance. The schedule is exactly minimax
within the full class of fixed-weight, one-at-
a-time batched elimination designs. The key
is a sharp information inequality relating the
static oracle to the large-deviation cost of in-
correctly eliminating the best arm. Equal-
gap active sets are the unique extremizers.
The optimized design strictly improves the
classical Successive Rejects worst-case ratio
for every K ≥ 3.

1 Introduction

Fixed-budget best-arm identification allocates T obser-
vations among K unknown arms and recommends the

arm with largest mean. Its central performance quan-
tity is the exponential decay rate of the error probabil-
ity. If the means were known before sampling, the best
static allocation would attain an instance-dependent
exponent Γ⋆

so(µ) (Glynn and Juneja, 2004). This static
oracle is a natural benchmark in bandit learning, rank-
ing and selection, and adaptive experimentation.

The benchmark cannot be achieved uniformly. Qin
(2022) posed the fixed-budget complexity question,
and Degenne (2023) formalized the obstruction
through the difficulty ratio. Very recent work closed
the qualitative question: for every K ≥ 3 and ev-
ery regular one-parameter natural exponential family,
each consistent algorithm loses a strict factor on some
instance (Goldberger, 2026). For Gaussian arms, that
work proves the explicit lower bound

LK := 1 +

K∑
j=3

1

(1 +
√
j − 1)2

. (1)

The exact sum is logK + O(1), although its stated
simpler corollary is 1 + log(K)/8.

This leaves a quantitative problem. Is the lower bound
an artifact of a hard family, or is a logarithmic loss
sufficient? Existing elimination algorithms have order-
logK gap-based guarantees (Audibert et al., 2010; Car-
pentier and Locatelli, 2016; Degenne, 2023), but these
do not identify the leading constant relative to Γ⋆

so.
Recent large-deviation analyses give refined exponents
for Successive Rejects and Continuous Rejects (Wang
et al., 2023, 2024). Batched arm elimination can also
strictly dominate uniform allocation (Imbens et al.,
2025). None of these results optimizes the worst-case
static-oracle ratio.

Contributions. We nearly determine the minimax
price of a universal fixed-budget algorithm. Let

UK := 1 +

K∑
j=3

j

(j − 1)(1 +
√
j − 1)2

. (2)



Put cj = (1 +
√
j − 1)2 and define the second explicit

sequence by

C2 = 1, Cj = Cj−1 +
Cj−1

cjCj−1 − 1
. (3)

For unit-variance Gaussian arms, we prove

CK ≤ PK ≤ UK , UK − CK < 0.2, (4)

where PK is the infimum, over all consistent algo-
rithms, of the worst-case ratio Γ⋆

so/ΓA. In particular,
limK→∞ PK/ logK = 1.

The upper bound is attained by a simple optimized
batched elimination design. When j arms remain, ev-
ery surviving arm has received a cumulative fraction
proportional to

aj :=
j

(j − 1)(1 +
√
j − 1)2

. (5)

The resulting batch weights are explicit, positive, and
independent of the instance. We prove that this sched-
ule is exactly optimal among all fixed-weight one-at-a-
time batched elimination designs. This is a minimax
theorem for the algorithm class studied by Imbens et al.
(2025), not only a sufficient condition for improving
uniform allocation.

The lower endpoint improves (1). It follows from a
continuum of translated equal-gap alternatives around
one hierarchical baseline and an exact allocation pro-
gram. Our main upper-bound ingredient is a sharp
comparison between two information geometries. The
static oracle is controlled by pairwise best-versus-
challenger deviations. Elimination fails when the best
empirical mean falls below every arm in an active set.
We prove that the ratio of these costs is at most aj
for every instance with j active arms. Equality holds
exactly when all j − 1 gaps are equal. The proof
requires a reciprocal-truncated-variance inequality be-
cause, for unequal gaps, the information projection
need not move every challenger.

Finally, classical Successive Rejects has exact worst-
case oracle ratio ℓK = 1

2 +
∑K

i=2 i
−1. Our optimized

schedule replaces this by UK < ℓK for every K ≥ 3.
The asymptotic additive improvement is about 1.28.

2 Problem and Price

Arm i ∈ [K] returns independent observations from
N (µi, 1). Let b = b(µ) be the unique maximizer of µi

and write MK for all such mean vectors. An algorithm
family A = (AT )T≥1 chooses arms sequentially, then
recommends b̂T . Its error probability and lower error

exponent are

pµ,T (A) = Pµ(̂bT 6= b),

ΓA(µ) = lim inf
T→∞

1

T
log

1

pµ,T (A)
.

The family is consistent if pµ,T (A) → 0 for every µ ∈
MK .

For fixed proportions w ∈ ∆K , sampling each arm
wiT + o(T ) times and recommending the largest em-
pirical mean has exponent

Γ(µ,w) = min
i ̸=b

wbwi

wb + wi

(µb − µi)
2

2
. (6)

The static-oracle exponent is

Γ⋆
so(µ) = max

w∈∆K

Γ(µ,w). (7)

Zero coordinates are allowed by continuity. This is
the reciprocal of the static-oracle difficulty used by De-
genne (2023) and Goldberger (2026).
Definition 1 (Price of universality). The minimax
static-oracle ratio is

PK = inf
A consistent

sup
µ∈MK

Γ⋆
so(µ)

ΓA(µ)
, (8)

with the ratio infinite when ΓA(µ) = 0.

This criterion differs from minimax analysis over a
prescribed gap hardness (Komiyama et al., 2022). It
asks for the smallest simultaneous loss relative to the
instance-specific static oracle. It also differs from large-
deviation admissibility, which asks whether one fixed
design dominates another (Wang et al., 2024; Imbens
et al., 2025).

3 Batched Elimination

We use the fixed-weight batched arm elimination class.
Start with all arms. Within each batch, sample every
surviving arm equally. At the end of a batch, discard
the arm with smallest empirical mean. Continue until
one arm remains.

It is convenient to parametrize a design by cumulative
per-arm fractions. Let qj be the fraction of the total
budget received by every arm that survives through
the batch with j active arms. A schedule is feasible
when

q2 ≥ q3 ≥ · · · ≥ qK ≥ 0, 2q2 +

K∑
j=3

qj = 1. (9)

For budget T , use cumulative counts Nj = bqjT c and
give any unused observations to the last two arms.
Equivalently, the idealized batch fractions are

βK = KqK , βj = j(qj − qj+1), 2 ≤ j < K. (10)



They are nonnegative and telescope to one.

For J ⊆ [K] containing b, define the information
needed to make the best arm empirically worst within
J :

IJ(µ) = inf
λb≤mini∈J\{b} λi

1

2

∑
i∈J

(λi − µi)
2. (11)

Set
Ij(µ) = min

J∋b, |J|=j
IJ(µ). (12)

Large-deviation analyses of elimination give the follow-
ing bound (Wang et al., 2023; Imbens et al., 2025). We
include a direct Gaussian argument in the supplement.
Proposition 2 (Finite-budget elimination bound).
For every feasible schedule q and every T ,

pµ,T (BAE(q)) ≤
K∑
j=2

(
K − 1

j − 1

)
exp{−NjIj(µ)}. (13)

If Nj = 0, its summand is interpreted as one. Conse-
quently,

ΓBAE(q)(µ) ≥ min
2≤j≤K

qjIj(µ). (14)

Proof. If the algorithm errs, the best arm is empiri-
cally smallest in some active set J when it is discarded.
At the j-arm stage, every member of J has Nj ob-
servations. A Gaussian Chernoff bound for this con-
vex event is exp{−NjIJ(µ)}. Union-bound over the(
K−1
j−1

)
possible sets containing the best arm, then over

stages. The supplement gives the one-line separating-
hyperplane derivation of the Gaussian bound. Taking
exponents proves (14).

Expected simple regret and error probability have the
same exponent on every fixed unique-best instance.
Thus Proposition 2 is also the error-exponent form of
the bound in Imbens et al. (2025).

4 Sharp Information Comparison

The key question is how Ij(µ) compares with Γ⋆
so(µ).

A generic pairwise bound loses the sharp constant be-
cause the event defining Ij couples all active empirical
means.
Theorem 3 (Oracle-to-elimination inequality). For
every µ ∈ MK and j ∈ {2, . . . ,K},

Γ⋆
so(µ) ≤ ajIj(µ), aj =

j

(j − 1)(1 +
√
j − 1)2

.

(15)
The constant is sharp. Equality is approached by in-
stances whose closest j − 1 challengers have one com-
mon gap and whose remaining gaps diverge.

We give the proof because it is the source of the opti-
mized schedule. Order the gaps as 0 < d2 ≤ · · · ≤ dK .
Restricting the oracle comparison to the closest j − 1
challengers can only increase its value. Put n = j − 1
and Ai = d2i /2 for i = 2, . . . , j. A standard one-
dimensional representation of the j-arm static oracle
is

Γ⋆
so,j = max

0<x<mini Ai

x

1 +
∑j

i=2 x/(Ai − x)
. (16)

The projection in (11) gives

Ij(µ) = min
r≥0

1

2

{
r2 +

j∑
i=2

(di − r)2+

}
. (17)

The closest j − 1 arms minimize IJ . Details for both
reductions are in the supplement.

Fix x in (16) and let zi =
√
Ai/x > 1. The ratio

between its objective and (17) is the reciprocal of AB,
where

A = 1 +

j∑
i=2

1

z2i − 1
. (18)

B = min
t≥0

{
t2 +

j∑
i=2

(zi − t)2+

}
. (19)

Lemma 4 (Reciprocal-truncated variance). For every
z1, . . . , zn > 1,(

1 +

n∑
i=1

1

z2i − 1

)
min
t≥0

{
t2 +

n∑
i=1

(zi − t)2+

}

≥ n(1 +
√
n)2

n+ 1
.

(20)

Equality holds exactly when z2i = 1 +
√
n for every i.

Lemma 4 implies that the objective in (16) divided by
Ij is at most (n + 1)/(n(1 +

√
n)2) = aj . Maximiz-

ing over x proves Theorem 3. The equality conditions
yield equal gaps.

The truncation in Lemma 4 matters. If gaps are un-
equal, close challengers can remain fixed in the pro-
jection while only a farther suffix and the best arm
move. The proof conditions on this active suffix, ap-
plies Jensen to reduce it to one scalar, then shows that
every inactive coordinate makes the inequality strict.
The full argument is in the supplement.

5 An Optimized Universal Design

The constants aj are decreasing in j. Define UK by (2)
and choose

q⋆j =
aj
UK

, 2 ≤ j ≤ K. (21)



Since a2 = 1/2, these cumulative fractions satisfy (9).
Equations (10) and (21) give all batch lengths explic-
itly.
Theorem 5 (Universal upper bound). The optimized
batched elimination design is consistent and satisfies

ΓBAE(q⋆)(µ) ≥
Γ⋆
so(µ)

UK
for every µ ∈ MK . (22)

Consequently, PK ≤ UK .

Proof. Theorem 3 gives q⋆j Ij(µ) ≥ Γ⋆
so(µ)/UK for every

j. Apply Proposition 2 and take the minimum over j.
The right side is positive on every unique-best instance,
which also proves consistency.

The schedule is not just sufficient. It solves the mini-
max design problem for the whole fixed-weight batched
elimination class.
Theorem 6 (Exact batched-elimination optimum).
For every feasible cumulative schedule q,

sup
µ∈MK

Γ⋆
so(µ)

ΓBAE(q)(µ)
= max

2≤j≤K

aj
qj

, (23)

with either side infinite if some qj = 0. Therefore

inf
q feasible

sup
µ

Γ⋆
so(µ)

ΓBAE(q)(µ)
= UK , (24)

and q⋆ is the unique optimal cumulative schedule.

Proof sketch. Theorem 3 and Proposition 2 give

ΓBAE(q)(µ) ≥
Γ⋆
so(µ)

maxj aj/qj
,

which proves the upper half of (23).

Fix j. Give the top j − 1 challengers a common gap
and send all remaining gaps to infinity. The oracle-
to-elimination ratio converges to aj . With probability
tending to one on the exponential scale, the distant
arms are eliminated first. The event that the best arm
is then eliminated at the j-arm batch has exponent at
most qjIj . This proves the reverse inequality in (23).
The supplement gives the full limiting argument.

If the left side of (23) is at most R, then qj ≥ aj/R
for all j. Feasibility yields

1 = 2q2 +

K∑
j=3

qj ≥
2a2 +

∑K
j=3 aj

R
=

UK

R
.

Thus R ≥ UK . Equality is attained by (21) and Theo-
rem 5.

6 A Stronger Universal Lower Bound

We first strengthen the recent lower endpoint LK .
The construction adds a translation parameter to each
equal-gap alternative. This forces every algorithm to
balance cumulative and arm-specific information.
Theorem 7 (Translated hard family). For every K ≥
3, each consistent algorithm satisfies

sup
µ∈MK

Γ⋆
so(µ)

ΓA(µ)
≥ CK > LK . (25)

Consequently, PK ≥ CK .

Proof sketch. Fix large M and use the baseline x1 = 0,
x2 = −1, and xi = −M i for i ≥ 3. For j ∈ {2, . . . ,K},
put dj = M j+1/2. For each α ∈ [0, 1], define an alter-
native with means

λj,α
i =


−αdj , i < j,

(1− α)dj , i = j,

xi, i > j.

Arm j is uniquely best. Its first j − 1 gaps equal
dj , while all later gaps are asymptotically larger. If
Sj(w) =

∑j
i=1 wi, then, uniformly over w and α,

1

Γ⋆
so(λ

j,α)

∑
i

wi
(xi − λj,α

i )2

2

= cj{α2Sj−1 + (1− α)2wj}+ oM (1).

(26)

Minimizing over α gives cjSj−1wj/Sj , interpreted as
zero when Sj = 0. The change-of-measure inequality
of Degenne (2023), applied to all these alternatives,
therefore gives

PK ≥
{

sup
w∈∆K

min
2≤j≤K

cjSj−1(w)wj

Sj(w)

}−1

. (27)

The program is exact. By homogeneity, its recipro-
cal is the least total mass of a nonnegative vector for
which every displayed fraction is at least one. The
j = 2 constraint requires cumulative mass at least
one, with equality at w1 = w2 = 1/2. Given cumu-
lative mass s through arm j−1, the least next mass is
s/(cjs−1). Iteration gives exactly (3). Since this incre-
ment is strictly larger than 1/cj , we obtain CK > LK .
The supplement gives the uniform limits and allocation
argument in full.

7 The Universal Price

Combining Theorems 7 and 5 gives the main charac-
terization.



Table 1: Static-oracle ratios. Gold. is the lower bound
in Goldberger (2026), [CK , UK ] is our global interval,
and SR is Successive Rejects.

K Gold. LK CK UK SR ℓK

3 1.172 1.207 1.257 1.333
5 1.417 1.479 1.575 1.783

10 1.802 1.884 2.020 2.429
100 3.472 3.572 3.753 4.687

Theorem 8 (Price sandwich). For every K ≥ 3,

CK ≤ PK ≤ UK , 0 < UK − CK < 0.2. (28)

Both bounds are logK +O(1). Hence

lim
K→∞

PK

logK
= 1. (29)

Proof. For j ≥ 3, cj > j and Cj−1 ≥ 1, so

1

cj
<

Cj−1

cjCj−1 − 1
<

j

(j − 1)cj
= aj .

Hence LK < CK < UK . The increment of UK − CK

at stage j is less than 1/{(j − 1)cj}. Direct outward-
rounded recursion through j = 20 gives a gap below
0.159. The remaining decreasing series is bounded by
its first term plus its integral and is below 0.040. Thus
the total gap is below 0.199. Finally, LK < CK < UK

and both outer sequences are logK +O(1).

Table 1 shows that the interval is already narrow for
small K. It also compares the exact worst-case ratio
of classical Successive Rejects. The supplement proves
that this ratio is

ℓK =
1

2
+

K∑
i=2

1

i
. (30)

The optimized design is strictly better for all K ≥ 3.

8 Related Work and Scope

Fixed-budget optimality. Classical fixed-budget
methods include Successive Rejects (Audibert et al.,
2010), Sequential Halving (Karnin et al., 2013), and
confidence-bound designs. Gap-hardness lower bounds
show a logarithmic minimax overhead (Carpentier and
Locatelli, 2016), while Barrier et al. (2023) sharpen
nonparametric guarantees. Komiyama et al. (2022)
characterize a minimax exponent through a global opti-
mization and propose a conceptual tracking algorithm.
Their objective fixes a hardness class rather than com-
paring to the static oracle at every instance. For that

criterion, Komiyama et al. (2026) give an anytime rate-
optimal design and an exact Gaussian Successive Re-
jects exponent. Kato (2026) instead obtain exact min-
imax and Bayes constants for polynomial-scale simple
regret under shrinking gaps.

Large deviations and admissibility. Wang et al.
(2023) develop large-deviation tools for adaptive alloca-
tions, sharpen the Successive Rejects exponent, and in-
troduce Continuous Rejects. Wang et al. (2024) prove
uniform sampling admissible for two Bernoulli arms
and derive the exact Successive Rejects exponent. For
at least three Gaussian arms, Imbens et al. (2025) con-
struct batched designs that strictly dominate uniform
allocation. Their general exponent bound is an input
to our analysis. We instead optimize the worst-case
ratio to the instance-specific static oracle and prove
exact minimaxity within their fixed-weight elimination
class. Fei and Branke (2026) smooth the static max-
imin allocation with saddlepoint-weighted entropic reg-
ularization. Their adaptive procedure has no proved
error exponent and does not address a single design’s
worst-case ratio to the instance-specific oracle.

Complexity and reductions. Degenne (2023)
show that any fixed-budget complexity would have to
equal the static-oracle difficulty, then rule this out in
several cases. Goldberger (2026) prove nonexistence
for all K ≥ 3 and all regular one-parameter natural ex-
ponential families. Our translated family strengthens
their Gaussian lower bound, while optimized elimina-
tion gives the nearly matching upper endpoint. Bal-
agopalan et al. (2026) give a general reduction from
fixed-confidence to fixed-budget identification up to
logarithmic factors. That nonasymptotic reduction
targets broad structured problems and does not opti-
mize the sharp static-oracle exponent considered here.

Scope. Our sharp upper theorem assumes known
common Gaussian variance. Goldberger’s lower bound
applies much more broadly by local quadratic approx-
imation. The reciprocal-truncated-variance lemma is
Euclidean, and extending the additive 0.2 characteri-
zation to general exponential families requires control-
ling nonquadratic information projections away from
local neighborhoods. We also optimize fixed-weight
one-at-a-time elimination, not Continuous Rejects or
all adaptive algorithms. The global interval in The-
orem 8 quantifies exactly what remains outside that
class.

9 Conclusion

The impossibility of matching the fixed-budget static
oracle does not leave an unquantified gap. For Gaus-



sian best-arm identification, the unavoidable worst-
case loss is logK with leading constant one, and its
finite-K value lies in an explicit interval narrower than
0.2. An optimized batched elimination schedule at-
tains the upper endpoint and is exactly minimax in its
natural algorithm class. The remaining global gap is
additive, not multiplicative.



A Static-Oracle Reductions

We first justify the scalar representation of the Gaus-
sian static oracle. By translation and permutation,
take arm 1 to be best, set µ1 = 0, and write µi = −di
with 0 < d2 ≤ · · · ≤ dK . Let Ai = d2i /2.
Lemma 9 (Scalar oracle representation). For a prob-
lem with j arms,

Γ⋆
so,j = max

0<x<A2

x

1 +
∑j

i=2 x/(Ai − x)
. (31)

For the original K-arm instance, Γ⋆
so(µ) ≤ Γ⋆

so,j when
the latter contains the best arm and its closest j − 1
challengers.

Proof. For proportions w, the pairwise exponent
against arm i is

Ai
w1wi

w1 + wi
.

At an interior optimum all pairwise exponents are
equal. Otherwise, weight can be moved from a slack
challenger to a binding challenger. Let the common
value be γ and put x = γ/w1. Solving

Ai
w1wi

w1 + wi
= γ

gives

wi = w1
x

Ai − x
, w1 =

(
1 +

j∑
i=2

x

Ai − x

)−1

.

Therefore γ equals the objective in (31). Conversely,
every x ∈ (0, A2) defines valid positive weights through
these formulas and equalizes all challengers. This
proves the representation.

For the comparison, fix any K-arm proportions w and
let s =

∑j
i=1 wi ≤ 1. Normalize the first j weights as

vi = wi/s. The minimum exponent over all challengers
is at most the minimum over the first j−1 challengers.
By homogeneity, that restricted minimum is s times
its value under v, hence is at most sΓ⋆

so,j ≤ Γ⋆
so,j . Max-

imizing over w proves the claim.

We next justify the information projection used for
elimination.
Lemma 10 (Best-is-worst projection). For a set
containing the best arm and challengers with gaps
d1, . . . , dn > 0, the information needed to make the
best mean no larger than every challenger is

I(d1, . . . , dn) = min
r≥0

1

2

{
r2 +

n∑
i=1

(di − r)2+

}
. (32)

Among all sets of n challengers, the closest n minimize
this value.

Proof. Again put the best mean at zero and challenger
i at −di. At a feasible information projection, write
the new best mean as −r. An optimizer has r ≥ 0. For
a fixed r, challenger i is moved only if its original mean
is below −r, and its closest feasible value is −r. Its
squared movement is therefore (di − r)2+. This proves
(32).

The objective is nondecreasing in each gap before min-
imization over r. Hence replacing a selected challenger
by a closer one cannot increase the information. The
closest n challengers minimize it.

B Reciprocal-Truncated Variance

We prove the analytic lemma that supplies the sharp
constant.
Lemma 11 (Reciprocal-truncated variance). For n ≥
1 and z1, . . . , zn > 1,(

1 +

n∑
i=1

1

z2i − 1

)
min
t≥0

{
t2 +

n∑
i=1

(zi − t)2+

}
≥ Fn,

(33)
where

Fn =
n(1 +

√
n)2

n+ 1
.

Equality holds if and only if z2i = 1 +
√
n for all i.

Proof. Let t minimize the truncated quadratic and let
I = {i : zi > t}, m = |I|, and l = n−m. At least one
coordinate is active. The first-order condition gives

t =

∑
i∈I zi

m+ 1
. (34)

If l > 0, every inactive coordinate is larger than one
and no larger than t, so t > 1.

Write z̄ = m−1
∑

i∈I zi and y = z̄2. The map
z 7→ (z2 − 1)−1 is strictly convex on (1,∞). Jensen’s
inequality, the inactive bounds zi ≤ t, and (34) give

1 +

n∑
i=1

1

z2i − 1
≥ 1 +

m

y − 1
+

l

m2y/(m+ 1)2 − 1
,

(35)

t2 +

n∑
i=1

(zi − t)2+ =
∑
i∈I

z2i −
(
∑

i∈I zi)
2

m+ 1
≥ my

m+ 1
.

(36)

It remains to prove

Pm,n(y) :=
my

m+ 1

(
1 +

m

y − 1
+

n−m

m2y/(m+ 1)2 − 1

)
≥ Fn.

(37)



The last term is omitted if m = n. When m = n, put
u = y − 1. Direct algebra gives

Pn,n(y) = Fn +
n

n+ 1

(u−
√
n)2

u
. (38)

Thus the desired bound holds, with equality only at
y = 1 +

√
n.

Suppose now that m < n, put u = y−1 and l = n−m.
The inactive-coordinate contribution in (37) is

Dm(u) =
m(m+ 1)(u+ 1)

m2u− (2m+ 1)

=
m+ 1

m
+

(m+ 1)3

m{m2u− (2m+ 1)}
. (39)

Its denominator is positive on the inactive domain.
Since it is smaller than m2u, equations (38) and (39),
followed by AM-GM, yield

Pm,n(y) > Fm + l
m+ 1

m
+ 2
√
Q− 2m3/2

m+ 1
, (40)

where
Q =

m3

(m+ 1)2
+ l

(m+ 1)2

m2
.

Let g(x) = x3/(x+ 1)2. Its derivative is

g′(x) =
x2(x+ 3)

(x+ 1)3
< 1 (x > 0).

Consequently,

Q > g(m) + l > g(m+ l) = g(n).

Since Fs = s + 2s3/2/(s + 1), substitution into (40)
gives

Pm,n(y) > Fn +
l

m
> Fn.

An inactive coordinate therefore makes the inequality
strict. In the all-active case, equality in Jensen and
(38) requires every zi to be equal with z2i = 1 +

√
n.

The converse follows by direct substitution.

Proof of the oracle-to-elimination inequality.
Use Lemmas 9 and 10. Fix x in (31) and set
zi =

√
Ai/x > 1. Scaling (32) by x gives

Ij = xmin
t≥0

{
t2 +

j∑
i=2

(zi − t)2+

}
.

The objective in (31) is
x

1 +
∑j

i=2(z
2
i − 1)−1

.

Lemma 11, with n = j − 1, bounds their ratio by
j

(j − 1)(1 +
√
j − 1)2

= aj .

Maximize over x.

For sharpness, give all j−1 challengers one gap d. The
information projection pools all j means and gives

Ij =
j − 1

2j
d2. (41)

The static oracle puts weight 1/(1+
√
j − 1) on the best

arm and equal remaining weight on the challengers,
giving

Γ⋆
so,j =

d2

2(1 +
√
j − 1)2

. (42)

Their ratio is aj . In a K-arm problem, send all other
gaps to infinity. The static-oracle exponent converges
to (42), while Ij is unchanged.

C Batched-Elimination Exponent

We give a direct proof specialized to Gaussian rewards.
Let Nj be the cumulative number of observations per
surviving arm at the end of the batch with j arms.
Proposition 12. For every feasible schedule and ev-
ery budget T ,

pµ,T (BAE(q)) ≤
K∑
j=2

(
K − 1

j − 1

)
exp{−NjIj(µ)}. (43)

If Nj = 0, its summand is interpreted as one. In
particular, when Nj = qjT +O(1),

ΓBAE(q)(µ) ≥ min
2≤j≤K

qjIj(µ). (44)

Proof. If any Nj is zero, the corresponding summand
makes the bound trivial. Suppose therefore that all
cumulative counts are positive. An error occurs only
if the best arm is discarded at some stage. Fix a stage
with j active arms and a candidate set J of size j
containing the best arm. If this is the candidate set
and the best arm is discarded, then its empirical mean
after Nj observations is no larger than every empirical
mean in J \{b} after the same number of observations.

Let
CJ = {x ∈ RJ : xb ≤ min

i∈J\{b}
xi}

and let λ⋆ be the Euclidean projection of µJ onto CJ .
The projection inequality gives

〈µJ − λ⋆, x− λ⋆〉 ≤ 0 (x ∈ CJ).

Thus, if the vector µ̂J of sample means belongs to CJ ,
then

〈λ⋆ − µJ , µ̂J − µJ〉 ≥ ‖λ⋆ − µJ‖22.



The left side is centered Gaussian with variance ‖λ⋆−
µJ‖22/Nj . The standard Gaussian tail bound therefore
gives

Pµ(µ̂J ∈ CJ) ≤ exp

{
−Nj

2
‖λ⋆ − µJ‖22

}
= exp{−NjIJ(µ)}.

There are
(
K−1
j−1

)
sets of size j containing b. Union-

bounding over these sets and all stages proves (43).
Substituting Nj = qjT + O(1) and taking lower error
exponents proves (44).

The same result follows from the general large-
deviation analysis of Wang et al. (2023). Imbens et al.
(2025) state it for the expected simple-regret exponent.
On a fixed unique-best instance,

∆minP(̂bT 6= b) ≤ E[µb − µb̂T
] ≤ ∆maxP(̂bT 6= b),

so the two exponents coincide.

D Exact Optimality in the
Elimination Class

We supply the lower half of the batched-elimination
minimax theorem. Fix a stage j and a gap d > 0. Let
arm 1 have mean zero, arms 2, . . . , j have mean −d,
and arms j + 1, . . . ,K have mean −M .

Suppose first that every qs is positive. Let GM,T be
the event that no top-j arm is discarded at a stage with
more than j active arms. If GM,T fails at stage s > j,
some top arm has an empirical mean no larger than
that of a surviving distant arm. Their mean separation
is at least M − d. A Gaussian tail bound and a union
bound over arms and stages give

lim inf
T→∞

1

T
log

1

P(Gc
M,T )

≥ min
s>j

qs(M − d)2

4
. (45)

The right side diverges as M → ∞. When j = K,
define GM,T to be the sure event and omit (45).

Let Ej,T be the event that arm 1 has strictly smallest
empirical mean among [j] at the j-arm stage. Every
count is Nj+O(1), where the O(1) term only accounts
for unused rounded observations. The Gaussian large-
deviation upper and lower bounds for the open cone
give

lim
T→∞

1

T
log

1

P(Ej,T )
= qjI[j](µ

(M,j)). (46)

Indeed, the closure of this cone has Euclidean projec-
tion cost I[j], and an arbitrarily small displacement of
its projection lies in the open cone and has cost arbi-
trarily close to I[j].

On Ej,T ∩ GM,T , the algorithm reaches candidate set
[j] and then discards the best arm. Therefore

pµ(M,j),T (BAE(q)) ≥ P(Ej,T )− P(Gc
M,T ).

Choose M so that the exponent in (45) is strictly
larger than the exponent in (46). The elementary sub-
traction rule for two exponentially decaying sequences
then shows

ΓBAE(q)(µ
(M,j)) ≤ qjI[j](µ

(M,j)). (47)

The distant-arm gaps diverge with M , so the scalar
oracle formula and the projection formula converge to
their j-arm equal-gap values. Equations (41) and (42)
then give

lim inf
M→∞

Γ⋆
so(µ

(M,j))

ΓBAE(q)(µ(M,j))
≥ aj

qj
.

If some qs = 0, consistency already fails on an instance
where a discarded arm at that stage is best, and the
worst-case ratio is infinite.

Thus every feasible schedule has worst-case ratio at
least maxj aj/qj . If this maximum is R, then qj ≥
aj/R. The budget identity gives

1 = 2q2 +

K∑
j=3

qj ≥
2a2 +

∑K
j=3 aj

R
=

UK

R
.

Hence R ≥ UK . The schedule qj = aj/UK attains
equality by the upper theorem. Equality in the budget
display forces every coordinate to equal aj/UK , which
also proves uniqueness.

For completeness, the matching upper bound holds
schedule by schedule. The oracle-to-elimination in-
equality and the BAE exponent bound give

ΓBAE(q)(µ) ≥ min
j

qjIj(µ) ≥
Γ⋆
so(µ)

maxj aj/qj
.

Thus the exact worst-case ratio of every positive feasi-
ble schedule is maxj aj/qj . If some qj = 0, both this
expression and the worst-case ratio are infinite.

E Translated Equal-Gap Lower Bound

We prove the new all-algorithm lower endpoint. Fix
K and let M tend to infinity. Define a unique-best
baseline by

x1 = 0, x2 = −1, xi = −M i (3 ≤ i ≤ K).

For j ∈ {2, . . . ,K}, put dj = M j+1/2. For every α ∈
[0, 1], define

λj,α
i =


−αdj , i < j,

(1− α)dj , i = j,

xi, i > j.

(48)



Arm j is uniquely best under λj,α, while arm 1 is best
under x. Thus every member of this alternative family
changes the best arm.
Lemma 13 (Uniform translated cost). Let cj = (1 +√
j − 1)2 and Sj(w) =

∑j
i=1 wi. Uniformly over w ∈

∆K and α ∈ [0, 1],

1

Γ⋆
so(λ

j,α)

K∑
i=1

wi
(xi − λj,α

i )2

2

= cj
{
α2Sj−1(w) + (1− α)2wj

}
+ oM (1).

(49)

Consequently, the infimum over α converges uniformly
to

cjSj−1(w)wj

Sj(w)
. (50)

The ratio is interpreted as zero when Sj(w) = 0.

Proof. The first j−1 gaps of λj,α are exactly dj . Every
later gap divided by dj diverges uniformly in α. The
scalar oracle representation in Lemma 9, after dividing
all squared gaps by d2j , therefore gives

Γ⋆
so(λ

j,α) =
d2j
2cj

{1 + oM (1)}

uniformly in α. This is also immediate from the equal-
gap oracle in (42), since the normalized later gaps di-
verge.

For i < j, xi/dj = oM (1) uniformly over the finite
index set, and

xi − λj,α
i

dj
= α+ oM (1).

Likewise,

xj − λj,α
j

dj
= −(1− α) + oM (1).

The remaining coordinates do not move. Squaring and
summing proves (49), with errors uniform over the two
compact simplices. Finally,

min
0≤α≤1

{α2Sj−1 + (1− α)2wj} =
Sj−1wj

Sj
,

including the zero-mass cases by continuity.

We now invoke the standard fixed-budget change-of-
measure inequality in the difficulty-ratio form of De-
genne (2023). For a consistent algorithm A, a baseline
x, and any family D of unique-best alternatives to x,
it states{

sup
λ∈D

Γ⋆
so(λ)

ΓA(λ)

}−1

≤ sup
w∈∆K

inf
λ∈D

1

Γ⋆
so(λ)

K∑
i=1

wi
(xi − λi)

2

2
.

(51)

Indeed, Degenne’s ratio is

lim sup
T

T

log(1/pλ,T )

/
1

Γ⋆
so(λ)

=
Γ⋆
so(λ)

ΓA(λ)
,

so (51) uses exactly the convention of the main paper.
Apply this with all alternatives in (48). Uniformity in
Lemma 13 and finiteness of the index set give

PK ≥ ρ−1
K , ρK = sup

w∈∆K

min
2≤j≤K

cjSj−1(w)wj

Sj(w)
.

(52)
Lemma 14 (Exact allocation program). The value in
(52) is ρK = 1/CK , where

C2 = 1, Cj = Cj−1 +
Cj−1

cjCj−1 − 1
. (53)

Moreover, LK < CK < UK for every K ≥ 3.

Proof. For a nonnegative vector z, define

ϕj(z) =
cjSj−1(z)zj

Sj(z)
.

These functions are homogeneous of degree one. Hence
ρ−1
K is the least total mass SK(z) subject to ϕj(z) ≥ 1

for every j.

Since c2 = 4,

ϕ2(z) =
4z1z2
z1 + z2

≤ z1 + z2.

Thus S2 ≥ 1, with equality attainable at z1 = z2 = 1/2.
Given Sj−1 = s ≥ 1, the next constraint is equivalent
to

zj ≥
s

cjs− 1
.

The map s 7→ s+ s/(cjs− 1) has derivative 1− (cjs−
1)−2 > 0 on this domain. The least final mass there-
fore starts at S2 = 1 and takes equality at every later
constraint, which is precisely (53).

For j ≥ 3, cj > j and Cj−1 ≥ 1. Therefore

1

cj
<

Cj−1

cjCj−1 − 1
<

j

(j − 1)cj
= aj . (54)

Summing these strict inequalities from the common
initial value one proves LK < CK < UK .

F Sequence Calculations

F.1 Feasibility of the optimized schedule

Put m = j − 1. Then

aj =
m+ 1

m(1 +
√
m)2

.



This is strictly decreasing in m ≥ 1, as is seen by
differentiating its continuous extension. Also a2 = 1/2.
Therefore qj = aj/UK is decreasing and

2q2 +

K∑
j=3

qj =
2a2 +

∑K
j=3 aj

UK
= 1.

It defines nonnegative batch fractions through βK =
KqK and βj = j(qj − qj+1).

F.2 Width below 0.2

By (54), the stage-j increment of UK −CK is positive
and smaller than

f(j − 1), f(x) =
1

x(1 +
√
x)2

.

Direct evaluation of the recursion with outward round-
ing gives

C20 > 2.3388734, U20 < 2.4973514,

so U20 − C20 < 0.159. The function f is positive and
decreasing, and

∞∑
m=20

f(m) ≤ f(20) +

∫ ∞

20

f(x) dx

= f(20) + 2 log
1 +

√
20√

20
− 2

1 +
√
20

< 0.040.

Thus UK − CK < 0.199 < 0.2 for every K.

Since
1

(1 +
√
m)2

=
1

m
+O(m−3/2),

both LK and UK equal logK + O(1). Since LK <
CK < UK , the same holds for CK .

G Classical Successive Rejects

Classical Successive Rejects has cumulative fractions

qSRj =
1

jℓK
, ℓK =

1

2
+

K∑
i=2

1

i
.

The oracle-to-elimination inequality gives worst-case
ratio at most

max
j

aj
qSRj

= ℓK max
j

jaj .

With m = j − 1,

jaj =
(m+ 1)2

m(1 +
√
m)2

≤ 1,

because m + 1 ≤ m +
√
m. Equality holds at m = 1,

or j = 2. An instance with two close arms and all
remaining gaps diverging attains this ratio by the lower
construction in the previous section. Thus the exact
worst-case ratio is ℓK .

For K ≥ 3, the optimized value UK is strictly below
ℓK . Indeed, 2a2 = 1 and aj < 1/j for every j ≥ 3, so

UK = 1 +

K∑
j=3

aj < 1 +

K∑
j=3

1

j
= ℓK .

Numerically, ℓK−UK converges to approximately 1.28.
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